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Wkh remhfwlyh ri wklv uhvhdufk lv wr ghyhors dqg hvwlpdwh dq hfrqrplf
prgho ri qrqpdulwdo frkdelwdwlrq/ pduuldjh/ dqg glyrufh wkdw lv frqvlvwhqw
zlwk fxuuhqw gdwd rq wkh irupdwlrq dqg glvvroxwlrq ri uhodwlrqvklsv1 Mr0
ydqrylf*v +4<:<, wkhruhwlfdo pdwfklqj prgho lv h{whqghg wr khos h{sodlq
krxvhkrog irupdwlrq dqg glvvroxwlrq ehkdylru1 Lpsolfdwlrqv ri wkh prgho
uhyhdo zkdw idfwruv lq xhqfh wkh ghflvlrq wr vwduw d uhodwlrqvkls/ zkdw irup
wklv uhodwlrqvkls zloo wdnh/ dqg wkh uhodwlyh vwdelolw| ri wkh ydulrxv w|shv ri
xqlrqv1 Wkh vwuxfwxudo sdudphwhuv ri wkh prgho duh hvwlpdwhg xvlqj orqjl0
wxglqdo gdwd iurp d vdpsoh ri ihpdoh kljk vfkrro vhqlruv iurp wkh X1V1 Qhz
qxphulfdo phwkrgv duh ghyhorshg wr uhgxfh frpsxwdwlrqdo frvwv dvvrfldwhg
zlwk hvwlpdwlrq1 Wkh hpslulfdo uhvxowv duh prvwo| frqvlvwhqw zlwk suhylrxv
olwhudwxuh exw kdyh lqwhuhvwlqj lqwhusuhwdwlrqv jlyhq wkh vwuxfwxudo prgho1
œZh zrxog olnh wr wkdqn E1 Udylnxpdu/ Zlooldp Mrkqvrq/ Iudqflv Nudpdu}/ Ere Urvhqwkdo/
dqg vhplqdu sduwlflsdqwv dw wkh 4<<: Vxpphu Uhvhdufk Zrunvkrs dw wkh Lqvwlwxwh iru Uhvhdufk
rq Sryhuw|/ Xqlyhuvlw| ri Plfkljdq/ Xqlyhuvlw| ri Ylujlqld/ Ylujlqld Whfk/ Jhrujh Zdvklqjwrq
Xqlyhuvlw|/ wkh Xqlyhuvlw| ri Qruwk Fdurolqd dw Juhhqverur/ Ervwrq Xqlyhuvlw|/ wkh 4<<; Hfr0
qrplf Ghprjudsk| Zrunvkrs dw wkh phhwlqjv ri Srsxodwlrq Dvvrfldwlrq ri Dphulfd/ wkh 4<<;
VLWH phhwlqjv/ dqg wkh Vrxwkhuq Hfrqrplf Dvvrfldwlrq phhwlqjv1 Wklv uhvhdufk zdv sduwldoo|
vxssruwhg e| Judqwv S08304596< dqg U340KG63;89 iurp wkh QLFKG1 Eulhq dovr zrxog olnh
wr dfnqrzohgjh uhvhdufk vxssruw iurp wkh Fhqwhu iru Fkloguhq/ Idplolhv/ dqg wkh Odz dw wkh
Xqlyhuvlw| ri Ylujlqld1 Doo plvwdnhv duh rxu rzq141 Lqwurgxfwlrq
Zkhq Jdu| Ehfnhu zurwh klv ?uvw zrun rq wkh wkhru| ri pduuldjh +Ehfnhu 4<:6,/
wkh zruog zdv d pxfk gl>huhqw sodfh1 Vlqfh wkhq/ wkh Xqlwhg Vwdwhv kdv vhhq
lqfuhdvhv lq wkh djh dw ?uvw pduuldjh dqg d gudpdwlf ulvh lq wkh udwh ri glyrufh1
Lw lv qrz hvwlpdwhg/ iru h{dpsoh/ wkdw ryhu kdoi ri doo ?uvw pduuldjhv zloo eh glv0
uxswhg +Fkhuolq 4<<5,1 Rqh ri wkh prvw jodulqj fkdqjhv vlqfh Ehfnhu*v hduo| zrun/
krzhyhu/ kdv ehhq wkh lqfuhdvh lq wkh qxpehu ri frxsohv olylqj wrjhwkhu rxwvlgh
ri d irupdo pduuldjh14 Expsdvv dqg Vzhhw +4<;<, uhsruw wkdw/ iru zrphq eruq
ehwzhhq 4<73 dqg 4<77/ rqo| wkuhh shufhqw kdg hyhu olyhg lq d qrqpdulwdo frkdel0
wdwlrq e| djh 581 Iru zrphq eruq 53 |hduv odwhu/ 6: shufhqw kdg frkdelwhg e| wkdw
vdph djh1 Wkh hylghqfh dfwxdoo| lqglfdwhv wkdw/ ghvslwh wkh lqfuhdvhv lq wkh djh ri
?uvw pduuldjh/ lqglylgxdov duh vwloo iruplqj fruhvlghqwldo uhodwlrqvklsv dw derxw wkh
vdph srlqw lq wkhlu olyhv +Expsdvv/ Vzhhw/ dqg Fkhuolq 4<<4,1 Hyhq wkrxjk wkh|
duh iuhtxhqwo| frqyhuwhg lqwr pduuldjhv/ qrqpdulwdo frkdelwlqj uhodwlrqvklsv duh
w|slfdoo| pxfk gl>huhqw iurp wudglwlrqdo pduuldjhv1 Wkh| duh vkruwhu olyhg dqg/
lq jhqhudo/ frkdelwlqj frxsohv h{klelw gl>huhqw ehkdylru wkdq pduulhg frxsohv lq
vxfk wklqjv dv wkh lqyhvwphqw lq uhodwlrqvkls vshfl?f fdslwdo +h1j1 fkloguhq,15 \hw/
e| wkh vdph wrnhq/ frkdelwlqj uhodwlrqvklsv duh gl>huhqw iurp ehlqj vlqjoh1 Wkh|
uhsuhvhqw d irup ri frpplwphqw ehwzhhq sduwqhuv wkdw pd| eh d vwhsslqj vwrqh
wr d pduuldjh1
Lq oljkw ri wkhvh odujh ghprjudsklf fkdqjhv/ wkh ryhudoo remhfwlyh ri wklv uh0
vhdufk lv wr ghyhors dqg hpslulfdoo| hvwlpdwh dq hfrqrplf prgho ri qrqpdulwdo
frkdelwdwlrq/ pduuldjh/ dqg glyrufh wkdw lv frqvlvwhqw zlwk fxuuhqw gdwd rq wkh
irupdwlrq dqg glvvroxwlrq ri uhodwlrqvklsv1 Vlqfh Ehfnhu*v slrqhhulqj zrun/ uh0
vhdufk rq wkh hfrqrplfv ri wkh idplo| kdv irfxvhg pruh rq krz lqglylgxdov ghdo
zlwk wkhlu xqfhuwdlq ixwxuhv/ rq wkh g|qdplfv ri ehkdylru/ dqg rq wkh lqwhuuhod0
wlrqvkls ehwzhhq ghflvlrqv16 Iru h{dpsoh/ Ehfnhu/ Odqghv/ dqg Plfkdho +4<::,
4Wklv glvfxvvlrq ljqruhv wkh pdq| fkdqjhv lq fklogehdulqj dqg/ lq sduwlfxodu/ qrqpdulwdo
fklogehdulqj1 Iru d glvfxvvlrq ri wkh ulvh lq qrqpdulwdo fklogehdulqj vhh X1V1 Ghsduwphqw ri
Khdowk dqg Kxpdq Vhuylfhv +4<<8,1 Iru wkhruhwlfdo zrun lq wklv duhd/ vhh Zloolv +4<<7, dqg
Dnhuori/ \hoohq/ dqg Ndw} +4<<9,1
5Vhh Ulqgixvv dqg YdqghqKhxydo +4<<3, iru d frpsdulvrq ri frkdelwlqj dqg pduuldjh uhod0
wlrqvklsv1
6Ehfnhu +4<:6, dfnqrzohgjhv wkh h{lvwhqfh ri qrqpdulwdo frkdelwdwlrq dqg dwwhpswv wr pdnh
klv wkhru| vx!flhqwo| jhqhudo wr lqfoxgh wklv irup ri uhodwlrqvkls exw grhv qrw glvwlqjxlvk eh0
wzhhq wkh wzr irupv1 Lq idfw/ iru klv wkhruhwlfdo zrun/ 3pduuldjh4 lv gh?q h gw rp h d qw k d ww z r
lqglylgxdov 3vkduh wkh vdph krxvhkrog14 Vhh Zhlvv +4<<:, iru d uhfhqw vxuyh| ri wkh olwhudwxuh
5h{dplqh wkh lvvxh ri pdulwdo lqvwdelolw| dqg wkh uroh ri xqfhuwdlqw|1 Exloglqj rq
wklv zrun/ Zhlvv dqg Zloolv +4<<:, h{dplqh wkh uroh ri pdwfk txdolw| dqg wkh
hyroxwlrq ri lqirupdwlrq zlwklq pdulwdo uhodwlrqvklsv1 Ehfnhu +4<:6/ 4<<4, kdv
vxjjhvwhg dq lqwhudfwlrq ehwzhhq frkdelwdwlrq dqg pduuldjh ghflvlrqv e| dujx0
lqj wkdw wkh srwhqwldo iru pdulwdo lqvwdelolw| fdq ohdg wr 3wuldo pduuldjhv14 Wkh
prgho sursrvhg khuh gluhfwo| iroorzv dq h{whqvlyh olwhudwxuh lq oderu hfrqrplfv rq
vhdufk dqg ghflvlrq pdnlqj lq wkh suhvhqfh ri xqfhuwdlqw| +h1j1 Mrydqrylf 4<:</
Kduulv dqg Zhlvv 4<;7/ Ploohu 4<;7,1 Dq lpsruwdqw ihdwxuh lv wkh uhfrjqlwlrq wkdw
jdwkhulqj lqirupdwlrq derxw d srwhqwldo sduwqhu lv d nh| dvshfw ri wkh frxuwvkls
surfhvv1 Lqirupdwlrq ohduqhg gxulqj frxuwvkls lq xhqfhv qrw rqo| wkh olnholkrrg
exw dovr wkh pdqqhu lq zklfk uhodwlrqvklsv duh iruphg1 Dftxlulqj lqirupdwlrq
derxw d sduwqhu grhv qrw hqg zlwk wkh irupdwlrq ri d xqlrq> lw frqwlqxhv wkurxjk0
rxw wkh uhodwlrqvkls zkhuh qhz lqirupdwlrq pd| lq xhqfh wkh vxevhtxhqw vwdelolw|
ri wkdw uhodwlrqvkls1 Wklv uhvhdufk dwwhpswv wr irupdol}h wkhvh lghdv e| h{solflwo|
prgholqj wkh lqirupdwlrq jdwkhulqj surfhvv zlwklq d uhodwlrqvkls1 Wklv uhvhdufk
lv frqvlvwhqw zlwk wkh qrwlrq ri 3lqwhqvlyh vhdufk4 glvfxvvhg e| Ehfnhu/ Odqghv/
dqg Plfkdho +4<::, dqg wkh odwhu zrun e| Pruwhqvhq +4<;;, wkdw dssolhv vhdufk
wkhru| wr pdq| ri wkhvh vdph ghflvlrqv1
D wkhruhwlfdo prgho lv ghyhorshg lq zklfk sduwlflsdqwv gr qrw ixoo| uhdol}h wkh
txdolw| ri wkhlu pdwfk zlwk d srwhqwldo sduwqhu xsrq dq lqlwldo phhwlqj1 Edvhg
rq d qrlv| revhuydwlrq ri pdwfk txdolw|/ krzhyhu/ djhqwv pxvw ghflgh zkhwkhu wr
irup d fruhvlghqwldo uhodwlrqvkls zlwk wkdw sduwqhu1 Wkh djhqw pxvw dovr fkrrvh
zkhwkhu wkh uhodwlrqvkls zloo eh d irupdo pduuldjh zklfk pd| eh uhodwlyho| frvwo|
wr glvvroyh/ ru d pruh lqirupdo/ qrq0pdulwdo frkdelwdwlrq zklfk pd| qrw kdyh vrph
ri wkh ehqh?wv dvvrfldwhg zlwk d irupdo pduuldjh1 Wklv ghflvlrq lv edvhg rq wkh
h{shfwhg ydoxh ri hdfk w|sh ri uhodwlrqvkls dqg wkh h{shfwhg ydoxh ri frqwlqxhg
vhdufk1 Rqfh lq d uhodwlrqvkls/ wkh txdolw| ri wkh pdwfk ehfrphv fohduhu ryhu
wlph1 Dv lqirupdwlrq ehfrphv nqrzq/ djhqwv pxvw ghflgh zkhwkhu wr glvvroyh
wkh uhodwlrqvkls ru/ li lw lv dq lqirupdo xqlrq/ zkhwkhu wr frqyhuw wkh uhodwlrqvkls wr
d irupdo pduuldjh1 Wkh prgho uhyhdov zkdw idfwruv lq xhqfh wkh ghflvlrq wr vwduw
d uhodwlrqvkls/ zkdw irup wklv uhodwlrqvkls zloo wdnh/ dqg wkh uhodwlyh vwdelolw| ri
wkh ydulrxv w|shv ri xqlrqv1 Wklv doorzv xv wr dgguhvv/ iru h{dpsoh/ krz fkdqjhv lq
wkh frvw ri glyrufh gxh wr uhirupv lq wkh ohjdo hqylurqphqw lq xhqfh wkh vwdelolw|
ri pduuldjhv dqg wkh pdqqhu lq zklfk uhodwlrqvklsv duh iruphg1
Wkh prgho suhvhqwhg lq wklv sdshu lv ri wkh vdph w|sh ghyhorshg e| Mrydqrylf
+4<:<, lq zklfk pdwfk txdolw| lv dq 3h{shulhqfh4 jrrg1 Lq wkdw sdshu/ kh irfxvhv
rq krxvhkrog irupdwlrq dqg glvvroxwlrq1
6rq wkh lqwhudfwlrqv ehwzhhq d zrunhu dqg d ?up zkhq d zrunhu*v surgxfwlylw|
lv qrw lpphgldwho| nqrzq wr wkh ?up1 Rqh vljql?fdqw gl>huhqfh ehwzhhq wkdw
prgho dqg wkh fxuuhqw rqh lv wkdw lqglylgxdov fdq qrz fkrrvh dq lqwhuphgldwh
w|sh ri uhodwlrqvkls/ d qrqpdulwdo frkdelwdwlrq1 Wklv lv vlplodu wr wkh h{whqvlrq
ri wkh Mrydqrylf prgho suhvhqwhg e| R*Iodkhuw| dqg Vlrz +4<<5, zkr frqvlghu wkh
qdwxuh ri 3xs ru rxw4 frqwudfwv frpprq lq d qxpehu ri oderu pdunhwv +h1j1 odz
?upv,1 Wkhuh duh vrph lpsruwdqw gl>huhqfhv ehwzhhq d 3wuldo4 ru 3xqwhqxuhg4
pdwfk lq d oderu pdunhw vhwwlqj dqg d qrqpdulwdo frkdelwdwlrq1 Iru lqvwdqfh/ oderu
pdunhw wuldo shulrgv duh riwhq ri d suhghwhuplqhg ohqjwk> wklv lv qrw wkrxjkw wr eh
wkh fdvh zlwk fruhvlghqwldo uhodwlrqvklsv1 Dovr/ xqolnh wkh pdunhwv frqvlghuhg e|
R*Iodkhuw| dqg Vlrz +4<<5,/ lqglylgxdov iuhtxhqwo| irujr wkh 3xqwhqxuhg4 shulrg
dqg hqwhu gluhfwo| lqwr d irupdo pduuldjh1 Wkh prgho ghyhorshg lq wklv sdshu
h{solflwo| doorzv iru wklv rswlrq1
Diwhu ghyhorslqj wkh wkhruhwlfdo iudphzrun dqg h{sorulqj vrph ri lwv lpsolfd0
wlrqv/ zh xvh gdwd iurp wkh Qdwlrqdo Orqjlwxglqdo Vwxg| ri wkh Kljk Vfkrro Fodvv
ri 4<:5 +QOV:5, wr hvwlpdwh wkh vwuxfwxudo sdudphwhuv ri wkh prgho1 Hvwlpdwlrq
lv dffrpsolvkhg e| d prgl?fdwlrq ri pd{lpxp vlpxodwhg olnholkrrg +PVO, dqg
lv lq wkh vslulw ri dq rughuhg glvfuhwh fkrlfh prgho1 Dq lqqrydwlrq ghyhorshg iru
wklv sdshu lqyroyhv lqwhusrodwlrq dqg zhljkwlqj phwkrgv wr vljql?fdqwo| uhgxfh
frpsxwdwlrq frvwv1 Wkh sdudphwhu hvwlpdwhv duh xvhg erwk wr jdxjh wkh ydolglw|
ri wkh wkhruhwlfdo prgho dqg wr vlpxodwh d ydulhw| ri srolf| dqg 3frpsdudwlyh g|0
qdplfv4 h{shulphqwv1 Wkh vwuxfwxudo qdwxuh ri wkh hvwlpdwlrq surfhgxuh doorzv
iru vwudljkwiruzdug lqwhusuhwdwlrq ri hvwlpdwlrq dqg vlpxodwlrq uhvxowv1
Wkh uhpdlqghu ri wklv sdshu surfhhgv dv iroorzv1 Lq wkh qh{w vhfwlrq zh gh0
v f u l ehw k hv w | o l } h gi d f w vw k d wf d s w x u hw k hf x u u h q wg h p r j u d s k l fh q y l u r q p h q w 1 W k h v h
duh wkh ehkdylruv wkdw wkh prgho zloo uhsolfdwh1 Vhfwlrq 6 ghvfulehv wkh wkhruhw0
lfdo prgho1 Zh dowhu d Mrydqrylf0w|sh pdwfklqj prgho e| dgglqj wr wkh fkrlfh
vhw dq lqwhuphgldwh uhodwlrqvkls dqg e| dgglqj vhuldoo| fruuhodwhg vkrfnv zklfk
doorzv lqwhuhvwlqj ehkdylru wr rffxu diwhu doo lv ohduqhg derxw wkh sduwqhu1 Zh
xvh d g|qdplf surjudpplqj iudphzrun wr ghvfuleh ehkdylru1 Vhfwlrq 7 ghulyhv
vrph ri wkh surshuwlhv ri wkh prgho/ irfxvvlqj rq zklfk uhvxowv lq wklv fodvv ri
prghov duh vhqvlwlyh wr vwurqj ru duelwudu| dvvxpswlrqv1 Wkh glvfxvvlrq sd|v vsh0
fl?f dwwhqwlrq wr krz zhoo wkh prgho ?wv wkh vw|ol}hg idfwv1 Vhfwlrq 8 ghvfulehv
wkh gdwd1 Vhfwlrq 9 suhvhqwv wkh hvwlpdwlrq phwkrgv1 Vhfwlrq : suhvhqwv wkh
vwuxfwxudo hvwlpdwhv dqg dffrpsdq|lqj vlpxodwlrqv1 Vhfwlrq ; frqfoxghv1
751 Vw|ol}hg Idfwv
Sulru wr ghyhorslqj wkh prgho/ zh ?uvw ghvfuleh wkh wudqvlwlrq udwhv lq dqg rxw
ri uhodwlrqvklsv wkh prgho vkrxog uhsolfdwh1 Wr gr wklv/ gdwd iurp wkh qdwlrq0
doo| uhsuhvhqwdwlyh QOV:5 lv xvhg1 Wklv gdwd/ zklfk lv ghvfulehg lq pruh ghwdlo
ehorz/ iroorzhg d uhodwlyho| odujh jurxs ri phq dqg zrphq iurp wkh wlph wkh|
zhuh kljk vfkrro vhqlruv lq 4<:5 xqwlo 4<;91 Wkh 4<;9 lqwhuylhz lqfoxghg d uhwur0
vshfwlyh klvwru| derxw wkh wlplqj ri frkdelwdwlrq/ pduuldjh/ pdulwdo glvuxswlrq/
dqg fklogehdulqj1 Wklv klvwru| lqfoxghv wkh vwduwlqj dqg hqglqj gdwhv ri xs wr
wkuhh uhodwlrqvklsv/ frkdelwdwlrqv dqg pduuldjhv1 Wkh QOV:5 lv zhoo vxlwhg iru
wkh lvvxhv dgguhvvhg lq wklv uhvhdufk ehfdxvh wkh odujh vdpsoh lv uhsuhvhqwdwlyh ri
doo |rxqj dgxowv hquroohg lq wkhlu vhqlru |hdu ri kljk vfkrro dqg ehfdxvh ri wkh
ulfk/ orqjlwxglqdo lqirupdwlrq dydlodeoh1 Lw lv lpsruwdqw wr qrwh wkdw prvw ri/ li
qrw doo/ wkh iroorzlqj revhuydwlrqv kdyh ehhq pdgh lq rwkhu sdshuv xvlqj wkh vdph
ru frpsdudeoh gdwd17
41 Pdq| uhodwlrqvklsv ehjlq dv d qrqpdulwdo frkdelwdwlrq
Dv vxjjhvwhg e| Expsdvv dqg Vzhhw +4<;<,/ wkh qxpehu ri frxsohv fkrrvlqj
wr ehjlq d uhodwlrqvkls dv d qrqpdulwdo frkdelwdwlrq kdv lqfuhdvhg wuhphqgrxvo|
lq uhfhqw ghfdghv1 Lq voljkwo| xqghu 63( ri wkh fdvhv lq wkh QOV:5/ wkh ?uvw
wlph d zklwh uhvsrqghqw olyhg zlwk vrphrqh zdv rxwvlgh ri d irupdo pduuldjh1 D
voljkwo| odujhu iudfwlrq ri eodfn uhvsrqghqwv ehjdq wkhlu ?uvw uhodwlrqvkls lq wklv
pdqqhu1 Hqwu| lqwr frkdelwdwlrq ehfrphv pruh suhydohqw zkhq wkh uhvsrqghqw
lv roghu1
51 Frkdelwdwlrqv duh vkruwhu0olyhg wkdq pduuldjhv
Wkh gxudwlrq ri fruhvlghqwldo uhodwlrqvklsv e| wkh w|sh ri wkh xqlrq lv h{dplqhg
lq Sdqho D ri Iljxuh 41 Wklv ?jxuh vkrzv Ndsodq0Phlhu vxuylyru hvwlpdwhv iru ?uvw
pduuldjhv dqg ?uvw frkdelwdwlrqv e| wkh udfh ri wkh uhvsrqghqw1 Iru zklwhv/ <:(
ri ?uvw pduuldjhv uhpdlq e| wkh ?uvw dqqlyhuvdu|1 Lq frqwudvw/ rqo| derxw 83( ri
wkh frkdelwdwlrqv vxuylyhg wkh ?uvw |hdu1 E| wkh wklug dqqlyhuvdu|/ dssur{lpdwho|
;3( ri pduuldjhv dqg 53( ri frkdelwdwlrqv zhuh lqwdfw1 Zkloh d vlplodu sdwwhuq lv
uhyhdohg iru eodfnv/ wkhlu ?uvw pduuldjhv duh ohvv vwdeoh dqg wkhlu ?uvw frkdelwdwlrqv
duh pruh vwdeoh1
7Zloolv dqg Plfkdho +4<<7, xvlqj wkh QOV:5/ Expsdvv dqg Vzhhw +4<;<, xvlqj wkh Qdwlrqdo
Vxuyh| ri Idplolhv dqg Krxvhkrogv/ dqg Odxpdq hw do1 +4<<7, xvlqj wkh Qdwlrqdo Khdowk dqg
Vrfldo Olih Vxuyh|1
861 Pdq| frkdelwdwlrqv duh frqyhuwhg lqwr pduuldjhv
Wkhuh duh wkuhh srvvleoh zd|v wkdw rxu gdwd rq qrqpdulwdo frkdelwdwlrqv fdq
hqg= wkh uhodwlrqvkls hqgv/ wkh frkdelwdwlrq lv frqyhuwhg lqwr d pduuldjh/ ru wkh
revhuydwlrq lv fhqvruhg +l1h1/ wkh frkdelwdwlrq zdv vwloo dfwlyh dw wkh hqg ri wkh
QOV:5 sdqho,1 Vhyhqw|0wkuhh shufhqw ri zklwh frkdelwdwlrqv dqg 93( ri eodfn
frkdelwdwlrqv hqg zlwk wkh sduwqhuv pduu|lqj1 Ryhudoo/ dssur{lpdwho| 53( ri
?uvw qrqpdulwdo frkdelwdwlrqv hqg zlwk wkh sduwqhuv vhsdudwlqj1
7 1W k hu l v nr iv h s d u d w l r qg h f o l q h vz l w kw k hg x u d w l r qr iw k hu h o d w l r q v k l s
Sdqho E ri Iljxuh 4 vkrzv wkh kd}dug ri vhsdudwlrq iurp frkdelwdwlrqv dqg
pduuldjhv iru zklwh dqg eodfn uhvsrqghqwv1 Diwhu d ulvh ryhu wkh ?uvw wzr |hduv/
wkh kd}dug ri vhsdudwlrq ghfolqhv ryhu wkh uhpdlqghu ri wkh sdqho1 Frqvlvwhqw zlwk
wkh vxuylyru ixqfwlrqv suhvhqwhg lq Sdqho D/ eodfn pduuldjhv dsshdu ohvv vwdeoh1 D
vlplodu ghfolqlqj ulvn ri vhsdudwlrq lq oderu pdunhw gdwd rq mre wxuqryhu surylghg
pxfk ri wkh prwlydwlrq iru Mrydqrylf*v +4<:<, hduolhu vwxg|1
61 Wkhruhwlfdo Prgho
6141 Jhqhudo Prwlydwlrq
Lq wklv vhfwlrq zh frqvwuxfw d vlpsoh prgho ri xqlrq irupdwlrq dqg glvvroxwlrq
lq wkh suhvhqfh ri xqfhuwdlq pdwfk txdolw|1 Wkh prgho suhvhqwhg lq wklv sd0
shu lv d glvfuhwh0wlph h{whqvlrq ri wkh prgho ruljlqdoo| irupxodwhg e| Mrydqrylf
+4<:<,18 Vrph ri wkh prghoolqj dvvxpswlrqv duh gulyhq e| d ghvluh wr hvwlpdwh
wkh prgho1 Lqglylgxdov duh dvvxphg wr kdyh d ?qlwh olih dqg wr pd{lpl}h wkh glv0
frxqwhg suhvhqw ydoxh ri xwlolw|1 Vlqjoh lqglylgxdov +l1h1/ lqglylgxdov qrw fxuuhqwo|
lq d fruhvlghqwldo uhodwlrqvkls, udqgrpo| phhw rqh srwhqwldo sduwqhu dw wkh vwduw
ri hdfk shulrg1 Li frxsohg zlwk d sduwlfxodu sduwqhu/ wkh uhvxowlqj uhodwlrqvkls
zrxog surylgh d ohyho ri pdwfk txdolw| wr hdfk ri wkh sduwlflsdqwv zklfk lv dv0
vxphg qrw wr fkdqjh ryhu wkh frxuvh ri d uhodwlrqvkls19 Wkh h{dfw pdwfk txdolw|
dvvrfldwhg zlwk d sduwlfxodu sduwqhu lv dvvxphg qrw wr eh lpphgldwho| revhuyhg1
8Vhh dovr wkh suhvhqwdwlrq lq Vdujhqw +4<;:,1
9Dq dowhuqdwlyh zd| ri prgholqj zrxog eh wr dvvxph wkdw wkh pdwfk txdolw| vwrfkdvwlfdoo|
fkdqjhv ryhu wkh gxudwlrq ri wkh uhodwlrqvkls1 Zhlvv dqg Zloolv +4<;8/ 4<<:, dqg Guhzldqnd
+4<<;, prgho vwrfkdvwlf vkrfnv wr uhodwlrqvklsv lq d zd| wkdw lv frqvlvwhqw zlwk erwk ohduqlqj
dqg fkdqjhv lq pdwfk txdolw| ryhu wlph1 Qhlwkhu sdshu/ krzhyhu/ hvwlpdwhv wkhlu prgho1
9Udwkhu/ dq lqglylgxdo uhfhlyhv d qrlv| vljqdo ri wkh wuxh txdolw|1 Xsrq uhfhlylqj d
vljqdo/ dq lqglylgxdo ghflghv zkhwkhu wr vwduw d uhodwlrqvkls zlwk wkdw shuvrq ru
wr frqwlqxh vhdufklqj iru d qhz sduwqhu +l1h1/ zdlw xqwlo wkh iroorzlqj shulrg dqg
vhh zkdw d qhz/ udqgrpo|0gudzq sduwqhu kdv wr r>hu,1 Li vkh fkrrvhv wr vwduw d
uhodwlrqvkls/ vkh dovr pxvw ghflgh zkdw irup wkdw uhodwlrqvkls vkrxog wdnh= qrq0
pdulwdo frkdelwdwlrq ru pduuldjh1 Wkh ydoxh ri wkh uhodwlrqvkls ghshqgv xsrq wkh
vljqdo udwkhu wkdq wkh xqrevhuyhg pdwfk txdolw| lq wkdw vkh ghulyhv gluhfw xwlolw|
iurp wkh vljqdo dqg wkdw lw surylghv lqirupdwlrq derxw wkh glvwulexwlrq ri ixwxuh
vljqdov1 Wkh ghflvlrq wr irup d uhodwlrqvkls lv pdgh sulru wr wkh uhdol}dwlrq ri
wkh wuxh pdwfk txdolw| dqg/ wkhuhiruh/ pxvw eh edvhg xsrq wkh h{shfwdwlrq ri wkh
wuxh pdwfk txdolw| frqglwlrqdo xsrq wkh lqlwldo gudz1:
W k hp r g h od o o r z vw k h u hw re hg l >huhqfhv lq wkh ydoxh dvvrfldwhg zlwk d qrq0
pdulwdo frkdelwdwlrq dqg d irupdo pduuldjh frqglwlrqdo rq pdwfk txdolw|1 Iluvw/
lw lv dvvxphg wkdw wkh xwlolw|  rz iurp d jlyhq pdwfk lv gl>huhqw iru d frkdelwd0
wlrq wkdq d pduuldjh1 Lw pd| eh wkh fdvh/ iru lqvwdqfh/ wkdw lqglylgxdov uhfhlyh
dq dgglwlrqdo xwlolw| erqxv wr ehlqj pduulhg uhodwlyh wr ehlqj lq d frkdelwdwlrq1
Zkhq frpelqhg zlwk rwkhu dvvxpswlrqv/ li wklv erqxv glg qrw h{lvw/ hyhu|rqh
zrxog suhihu wr frkdelw1 Wklv xwlolw| erqxv fdq eh wkrxjkw ri/ iru h{dpsoh/ dv
d jdlq wr wkh glylvlrq ri oderu zlwklq wkh krxvhkrog wkdw pd| eh sduwlfxodu wr
pduuldjh ru d orzhu sulfh +ru juhdwhu ohjdo surwhfwlrqv, dvvrfldwhg zlwk udlvlqj
fkloguhq zlwklq pduuldjh +vhh Zhlvv 4<<:,1 Vhfrqg/ lw lv dvvxphg wkdw wkhuh lv
d frvw dvvrfldwhg zlwk glvvroylqj hdfk w|sh ri uhodwlrqvkls/ dqg wklv frvw pd| eh
gl>huhqw iru d pduuldjh yhuvxv d frkdelwdwlrq1 Wklv frvw fdq eh wkrxjkw ri dv wkh
ohjdo frvwv ri rewdlqlqj d glyrufh ru wkh sv|fklf frvwv dvvrfldwhg zlwk d euhdn0xs1
Wkh xqfhuwdlqw| derxw wkh txdolw| ri wkh pdwfk lv vorzo| vwulsshg dzd| diwhu
hqwhulqj d uhodwlrqvkls1 Wkh udwh dw zklfk wkh sduwqhuv ohduq derxw wkh pdwfk lv
dvvxphg wr eh wkh vdph zkhwkhu wkh uhodwlrqvkls lv d pduuldjh ru d frkdelwdwlrq1
Diwhu ehlqj lq wkh uhodwlrqvkls iru rqh shulrg dqg ohduqlqj pruh derxw txdolw| ri
wkh pdwfk/ wkh lqglylgxdo fdq fkrrvh wr fkdqjh wkh vwdwxv ri wkh uhodwlrqvkls1 Li
pduulhg/ wkh lqglylgxdo fdq fkrrvh wr vwd| pduulhg ru wr glyrufh1 Li frkdelwlqj/
wkh lqglylgxdo fdq fkrrvh wr frqwlqxh frkdelwlqj/ frqyhuw wkh uhodwlrqvkls lqwr d
irupdo pduuldjh/ ru glvvroyh wkh uhodwlrqvkls dowrjhwkhu1 Hdfk dgglwlrqdo shulrg
wkdw wkh shuvrq lv lq d uhodwlrqvkls/ vkh ohduqv pruh derxw wkh txdolw| ri wkh pdwfk
dqg pdnhv d frpsdudeoh vhw ri ghflvlrqv1 Li wkh djhqw hyhu fkrrvhv wr ehfrph
:Lq idfw/ wkh wzr sduwqhuv wrjhwkhu pdnh wkh ghflvlrq wr vwduw dqg hqg d uhodwlrqvkls +Ehfnhu/
4<<4,1 Krzhyhu/ li zh iroorz Gdjvyln/ Mrydqrylf/ dqg Vkhsdug +4<;8, dqg dvvxph olqhdu uhqw
vkdulqj uxohv/ wkhq lw lv vdih wr dfw dv li wkh sduwqhu wkdw zh duh qrw prgholqj lv sdvvlyh1
:vlqjoh/ vkh uhpdlqv vlqjoh iru wkh shulrg dqg wkhq uhfhlyhv d qhz pdwfk wkh qh{w
shulrg1; Wkh surfhvv frqwlqxhv ryhu wkh djhqw*v olih1
6151 Edvlf Iudphzrun
615141 Pdwfk Txdolw| dqg Uhodwlrqvklsv
Wkh uhodwlrqvkls vwdwxv ri wkh djhqw dw wlph | lv ghqrwhg dv 6| @4l > vlqjoh/ 6| @
5l > frkdelwdwlqj/ dqg 6| @6l > pduulhg1 Wkh gxudwlrq zlwk dq| sduwqhu dw wlph
| lv ghqrwhg e| _|1O h w w ghqrwh wkh xqnqrzq pdwfk txdolw|1 Lw lv dvvxphg wkdw
w ￿ ø E>cj2
w￿1< Hdfk shulrg/ frxsohv gudz d qrlv| vljqdo ri wklv pdwfk txdolw|/ 0|/
zklfk lv revhuyhg e| wkh djhqw dqg d>hfwv xwlolw|1 Lw lv dvvxphg wkdw/ frqglwlrqdo
rq w/
0| ￿ w ’ #| li _| ’￿ c +614,















iru _| : ￿Ø
Wkh qrlv| vljqdo/ 0|/ lv prghohg dv dq DU+4, surfhvv zlwk dxwrfruuhodwlrq whup
4:f wr doorz iru glyrufhv odwh lq d uhodwlrqvkls wkdw fdq qrw eh h{sodlqhg e|
ohduqlqj1 Wkdw lv/ li 4 lv odujh hqrxjk/ wkhq d edg gudz ri 0| lpsolhv edg wlphv
iru pdq| shulrgv wr frph hyhq li w lv nqrzq zlwk suhflvlrq dqg vdwlvidfwru|1 Wkh
vhuldo fruuhodwlrq lq 0| dovr lpsolhv d fruuhodwlrq lq wkh fkrlfhv pdgh e| wkh djhqw
zkloh ohduqlqj lv rffxuulqj143 Zh prgho #| dw wkh ehjlqqlqj ri d uhodwlrqvkls
+_| ’￿ , dv kdylqj d odujhu yduldqfh wkdq vxevhtxhqw #|*v vr wkdw wkh 0| surfhvv lv
;Wklv dvvxphv dq lqwhuyhqlqj shulrg ri ehlqj vlqjoh ehwzhhq fruhvlghqwldo uhodwlrqvklsv1 Lq
idfw/ lq wkh gdwd/ zkhq prylqj ehwzhhq d ?uvw dqg vhfrqg fruhvlghqwldo uhodwlrqvkls/ rqo| 618(
ri zrphq uhsruwhg wkh ?uvw uhodwlrqvkls hqglqj dqg wkh vhfrqg uhodwlrqvkls vwduwlqj lq wkh vdph
prqwk dqg |hdu1
<Lq wkh hpslulfdo zrun/ zh doorz ￿ wr ydu| ryhu wkh srsxodwlrq1
43Wkh wkhruhwlfdo uhvxowv lq wklv sdshu fdq eh jhqhudol}hg e| doorzlqj wkh yhfwru ri uhdol}dwlrqv
+%4>% 5>% 6>===, wr eh d!oldwhg dv gh?qhg lq Plojurp dqg Zhehu +4<;5,1 Zh lpsrvh qrupdolw|
wkurxjkrxw/ krzhyhu/ wr vlpsoli| suhvhqwdwlrq dqg wr lpsohphqw hvwlpdwlrq1
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Wkurxjkrxw/ zh dvvxph wkdw wkh djhqw nqrzv 4/ j2
#/d q gj2
w1
Hdfk shulrg wkdw wkh djhqw lv lq d uhodwlrqvkls/ vkh uhfhlyhv d qhz vljqdo ri wkh
txdolw| ri wkh pdwfk1 Xvlqj wkh qhz vljqdo/ vkh xsgdwhv wkh suhglfwlrq ri wkh wuxh
pdwfk txdolw|1 Htxdwlrq +614, lpsolhv d Ed|hvldq hvwlpdwh/ ￿ w_|/i r uw dw | xvlqj
wkh odvw _| revhuydwlrqv ri wkh qrlv| vljqdo/ 0￿
_| ’
￿
0|n￿3_| 0|n23_| ØØ 0|
￿
144 Lw
fdq eh vkrzq wkdw ￿ w_| lv d zhljkwhg dyhudjh ri > dqg wkh jhqhudol}hg ohdvw vtxduhv
+JOV, hvwlpdwru ri ￿ w_| zkhuh wkh zhljkwv duh uhvshfwlyho| j
32
w dqg wkh uhflsurfdo
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#d2E￿34￿nE_|32￿E￿34￿2o li _| : 2
Lq wkh qh{w vhfwlrq/ lw zloo eh qhfhvvdu| wr zulwh ￿ w_| uhfxuvlyho| lq whupv ri 0|
dqg ￿ w_|3￿1 Htxdwlrq +615, lv gl!fxow wr xvh iru wklv sxusrvh ehfdxvh wkh zhljkwv
iru 0￿/ | Ł ￿ Ł | n￿￿ _|/y d u |r y h u￿1 Krzhyhu/ rqh fdq zulwh d vlpsoh/ uhfxuvlyh
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Vhh Dsshqgl{ D14 iru ghwdlov1 Wklv doorzv xv wr wuhdw ￿ w_| dqg 0| dv vwdwh yduldeohv1
615151 Fkloguhq dqg Rwkhu Fryduldwhv
Wkh prgho frqwdlqv d qxpehu ri rwkhu frpsrqhqwv wkdw duh eholhyhg wr lq xhqfh
wkhvh ghflvlrqv1 Ohw f| eh wkh vhw ri h{rjhqrxv yduldeohv lqfoxglqj d frqvwdqw/ djh/
udfh/ dqg hgxfdwlrq1 Hdfk frydwldwh lq f| lv olplwhg wr h{rjhqrxv fkdudfwhulvwlfv
zlwk nqrzq sdwkv145
Dq hohphqw ri idplo| vwuxfwxuh fohduo| lpsruwdqw lq wkh irupdwlrq dqg glvvr0
oxwlrq ri uhodwlrqvklsv lv fkloguhq1 Jlyhq wkh uhodwlyh frpsoh{lw| ri wkh prgho/ lw
lv yhu| gl!fxow +frpsxwdwlrqdoo| h{shqvlyh, wr lqfrusrudwh fklogehdulqj ghflvlrqv
dv rqh ri wkh sulpdu| fkrlfhv pdgh e| wkh djhqwv1 Krzhyhu/ udwkhu wkdq wuhdw
fklogehdulqj ghflvlrqv dv vlpso| dq h{rjhqrxv fryduldwh/ zh doorz wkh suredelo0
lw| wkdw wkh djhqw frqfhlyhv d fklog wr eh d ixqfwlrq ri shuvrqdo fkdudfwhulvwlfv1
Ohw S| @ fklog0uhodwhg fryduldwhv ^S￿| @ qxpehu ri fkloguhq/ S2| @ djh ri |rxqjhvw
fklog‘1 Ohw K| ’￿l> d fklog lv frqfhlyhg lq |146 Wkh suredelolw| ri d fklog ehlqj




45[w lqfoxghv d slhfhzlvh olqhdu vsolqh lq djh1
46Qr fklog ghdwkv duh doorzhg1
43zkhuh Z| ydulhv zlwk uhodwlrqvklsv> wkdw lv
Z| ’ ￿f E6|￿nS|￿S E6|￿n_|￿_ E6|￿n|￿| E6|￿nf|￿% E6|￿Ø +619,
615161 Xsshu Erxqgv rq Vwdwh Yduldeohv
Wkh vwdwh vsdfh iru wkh g|qdplf surjudpplqj sureohp lpsolhg e| wkh prgho
deryh lv wrr odujh zlwkrxw lpsrvlqj vrph xsshu erxqgv rq vrph ri wkh vwdwh ydul0
deohv1 Lq sduwlfxodu/ dvvxph wkdw qr pruh ohduqlqj rffxuv diwhu vrph uhodwlrqvkls
gxudwlrq 7 |_1W k x v ￿ w_| ’ ￿ w_|3￿ iru doo _| Ł 7 |_1 Rqh fdq wklqn ri zkdw kdsshqv
dw 7 |_ dv hlwkhu d uhyhodwlrq vlplodu wr wkh ohduqlqj surfhvv lq Vdujhqw +4<;:,/47
ru htxdwlrq +617, lv zhoo dssur{lpdwhg e| ljqrulqj ohduqlqj diwhu 7 |_148 Dovr/ qr
lqyhvwphqw +ru gxudwlrq h>hfw, lv doorzhg diwhu 7 |_1 Wkxv/ zh fhqvru _| dw 7 |_/d q g
w k hx s g d w l q ju x o hi r u_| lv
_|n￿ ’4 ￿ ? E _| n￿ c7 |_￿￿E6|n￿ ’ 6| ^ E6|n￿ ’￿_ 6| ’ 2￿￿ n +61:,
￿E6|n￿ 9’ 6| _ E6|n￿ 9’￿^ 6| 9’2 ￿ ￿
zkhuh ￿E￿￿ lv dq lqglfdwru ixqfwlrq htxdo wr rqh l> l w vd u j x p h q wl vw u x h 1
Vlploduo|/ lw lv qhfhvvdu| wr olplw wkh udqjh ri wkh fklog fkdudfwhulvwlfv1 Ohw 7 ?S
eh wkh pd{lpxp qxpehu ri fkloguhq dqg 7 ?S@ eh wkh pd{lpxp djh ri wkh |rxqjhvw
fklog uhohydqw wr wkh ydoxh ixqfwlrqv1 Wkh lpsolfdwlrq ri wkhvh olplwv lv qrw wkdw
shrsoh fdq qrw kdyh pruh wkdq 7 ?S fkloguhq ru d |rxqjhvw fklog roghu wkdq 7 ?S@>
udwkhu lw mxvw lpsolhv wkdw h{wud fkloguhq eh|rqg 7 ?S dqg wkh djh ri d fklog juhdwhu
wkdq 7 ?S@ kdyh qr pdujlqdo h>hfw rq wkh ydoxh ixqfwlrq1 Wkxv/ wkh xsgdwlqj uxohv
iru S| duh
S￿|n￿ ’4 ￿ ? E S￿| n K|c 7 ?S￿c +61;,
S2|n￿ ’E ￿ ￿ K|￿4￿?ES2| n￿ c 7 ?S@￿Ø
Wkh ydoxh ri wkhvh dvvxpswlrqv lv wkdw wkh uhodwhg vwdwh yduldeohv duh wuxqfdwhg
dw wkhvh xsshu erxqgv1
47D sureohp zlwk wklv mxvwl?fdwlrq lv wkdw lw zrxog ohdg wr dq xqxvxdoo| odujh qxpehu ri
vhsdudwlrqv dw ￿ wg dv frxsohv glvfryhu elj +qhjdwlyh, plvwdnhv lq wkhlu eholhiv derxw º1
48Lq idfw/ jlyhq rxu pd{lpxp olnholkrrg hvwlpdwh ri ª +@177:,/ ￿ wg @9lv qrw orqj hqrxjk iru
htxdwlrq +617, wr eh d jrrg dssur{lpdwlrq1
446161 Ydoxh Ixqfwlrq
Zh qrz fkdudfwhul}h wkh xwlolw| dvvrfldwhg zlwk hdfk ri wkh srwhqwldo fkrlfhv dydlo0
deoh wr wkh djhqw1 Ohw 7| ’
￿
6|c6 |3￿cS |c_ |c￿ w_|c0 |
￿
eh wkh vwdwh yduldeohv dw wlph
| wkdw duh hlwkhu hqgrjhqrxv ru vwrfkdvwlf1 Wkhq wkh ydoxh ixqfwlrq dw wlph | fdq
eh zulwwhq dv





ET|n￿ d7|n￿cf |n￿o￿ m ￿ w_|c0 |cS |
￿
zkhuh 8 E6|￿ lv wkh ihdvleoh vhw ri fkrlfhv/
s| E6|cS |c_ |cf |￿’kf E6|￿nS|kS E6|￿n_|k_ E6|￿ +6143,
n|k| E6|￿nf|k%E6|￿
lv wkh ghwhuplqlvwlf xwlolw|  rz jlyhq 7|/49 dqg
(6 ’ f|B6 +6144,
lv d vhsdudwlrq frvw iurp vwdwh 6 +(￿ ’f / (2 : f/ (￿ : f,1 Qrwh wkdw wkhuh duh
qr frvwv dvvrfldwhg zlwk iruplqj d frkdelwdwlrq ru d pduuldjh1 Htxdwlrq +6143,
lpsolhv wkdw fkloguhq duh ydoxhg dv d uhodwlrqvkls0vshfl?f lqyhvwphqw1 Qrwh wkdw/
lq htxdwlrq +619,/ eluwk suredelolwlhv duh doorzhg wr ghshqg xsrq fkdudfwhulvwlfv
ri wkh uhodwlrqvkls +h1j1/ w|sh dqg gxudwlrq,/ exw wkh| duh qrw doorzhg wr ghshqg
xsrq w/ zklfk zrxog eh qhfhvvdu| iru wuhdwlqj wkh lqyhvwphqwv ri wklv w|sh dv
frpsohwho| hqgrjhqrxv1
Y d o x hi x q f w l r q vd u hv r o y h ge |d v v x p l q jw k d ww k h u hl vv r p hw l p h|W vxfk wkdw
qr ghflvlrqv duh pdgh diwhu |W dqg dqrwkhu wlph |WW dw wkh hqg ri zklfk wkh shuvrq
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49Lw lv wkhruhwlfdoo| srvvleoh wkdw wkh glvwulexwlrq ri º fkdqjhv zlwk djh ehfdxvh ri htxloleulxp
pduuldjh pdunhw d>hfwv1 Wr vrph ghjuhh/ zh fdswxuh wklv e| doorzlqj  rzv dw w wr ghshqg xsrq
djh dw w1 Exw zh plvv wklv htxloleulxp h>hfw wr wkh ghjuhh htxloleulxp frqglwlrqv lpso| wkdw
 rzv vkrxog dovr ghshqg xsrq wkh djh dw wkh ehjlqqlqj ri d uhodwlrqvkls dqg wr wkh ghjuhh lw
lpsolhv wkdw wkh ixqfwlrqdo irup ri wkh glvwulexwlrq vkrxog fkdqjh zlwk djh dw wkh ehjlqqlqj ri
d uhodwlrqvkls1
45zkhuh S￿r ’ S￿|W/ S2r ’4 ￿ ?E S2|W n r ￿ |Wc 7 ?S@￿/ _r ’4 ￿ ?E _|W n r ￿ |Wc7 |_￿/d q gfr
fkdqjhv lq d qrqvwrfkdvwlf/ h{rjhqrxv zd|1 Wkhq T| d7|cf |o fdq eh hydoxdwhg
lwhudwlyho| iru doo |￿| W1
71 Lpsolfdwlrqv ri wkh Prgho
Lq wklv vhfwlrq/ zh suhvhqw d vhw ri wkhruhpv wkdw irupdol}h d qxpehu ri lpsolfd0
wlrqv derxw wkh ehkdylru ri wkh djhqw14: Iluvw zh vkrz vrph edvlf surshuwlhv ri
wkh ydoxh ixqfwlrqv1 Wkhq zh ghulyh wkh surshuwlhv dqg frqglwlrqv xqghu zklfk
hdfk ri wkh vwdwhv fdq h{lvw1 Ilqdoo|/ zh dqdo|}h vwdelolw| ri uhodwlrqvklsv dqg
hqgrjhqrxv lqyhvwphqw1
7141 H{lvwhqfh dqg Erxqghgqhvv ri Ydoxh Ixqfwlrqv
Iluvw lw lv srvvleoh wr vkrz wkdw wkh ydoxh ixqfwlrqv duh zhoo ehkdyhg lq wkdw wkh|
duh ?qlwh dw phdq ydoxhv ri 0| dqg ￿ w_| dqg wkhlu ghulydwlyhv duh erxqghg1
Wkhruhp 7141 YT|*Y0| ’fdqg YT|*Y￿ w_| ’fli 6| ’￿ / ￿| Ł YT|*Y0| Ł ￿ dqg





dqg T|d6|c6 |3￿cS |c_ |cfcfo lv ?qlwh1
Dq lpsolfdwlrq ri wklv wkhruhp lv wkdw wkh ydoxh ixqfwlrq lv zhoo gh?qhg iru dq|
?qlwh 0| dqg ￿ w_|1
7151 Uhvhuydwlrq Ydoxhv
Qrz frqvlghu d vlqjoh djhqw zkr lv frqvlghulqj hqwhulqj d uhodwlrqvkls +6|3￿ ’￿ ,1
Wkhuh h{lvwv d uhvhuydwlrq ydoxh/ 0W
| E6|c￿￿/ wkdw vhsdudwhv kljk ydoxhv ri 0| iru
zklfk d vlqjoh djhqw zrxog suhihu wkh uhodwlrqvkls 6| : ￿ uhodwlyh wr vwd|lqj
vlqjoh iurp orz rqhv zkhuh vkh zrxog uhmhfw wkh uhodwlrqvkls dqg uhpdlq vlqjoh
6| ’￿ 1
Wkhruhp 7151 < 0W
| E6|c￿￿ G T|d6|c￿cS |c￿c￿ w_| E0|￿c0 |o :T |d￿c￿cS |c_ |c￿ w_| E0|￿c0 |o
iru doo 0| :0 W
| E6|c￿￿ dqg T|d6|c￿cS |c￿c￿ w_| E0|￿c0 |o ￿T |d￿c￿cS |c_ |c￿ w_| E0|￿c0 |o iru
doo 0| ￿0 W
| E6|c￿￿ iru 6| : ￿1
4:Wkh surriv iru doo ri wkh wkhruhpv duh lq Dsshqglfhv D15/ D16/ dqg D171
46D ydoxh ri 0| :0 W
| E6|c￿￿ lpsolhv wkdw wkh djhqw zloo hqwhu lqwr d uhodwlrqvkls/ exw
lw grhv qrw ghwhuplqh zklfk w|sh ri uhodwlrqvkls> 0| :0 W
| E6|c￿￿ grhv qrw udqn wkh
ydoxhv ri frkdelwdwlrq dqg pduuldjh1
Lw lv dovr srvvleoh wr vkrz wkdw/ rqfh lq d uhodwlrqvkls 6|3￿ : ￿/w k h u hh { l v w vd
uhvhuydwlrq ydoxh/ 0W
| E￿c6 |3￿￿/ wkdw vhsdudwhv ydoxhv ri 0| iru dq djhqw ehwzhhq kljk
rqhv zkhuh vkh zrxog suhihu wr frqwlqxh lq wkh uhodwlrqvkls uhodwlyh wr vhsdudwlqj
dqg orz rqhv zkhuh vkh zrxog suhihu vhsdudwlqj1 Djdlq/ wklv grhv qrw udqn wkh
ydoxhv ri frkdelwdwlrq dqg pduuldjh1 Vrph ydoxhv ri 0| pd| fdxvh wkh djhqw lq d
frkdelwlqj uhodwlrqvkls wr pduu| khu sduwqhu1
Wkhruhp 7161 < 0W
| E￿c6 |3￿￿GT|d6|3￿c6 |3￿cS |c_ |c￿ w_|c0 |o :T |d￿c6 |3￿cS |c￿c￿ w_|c0 |o
iru doo 0| :0 W
| E￿c6 |3￿￿ dqg T|d6|3￿c6 |3￿cS |c_ |c￿ w_|c0 |o ￿T |d￿c6 |3￿cS |c￿c￿ w_|c0 |o
iru doo 0| ￿0 W
| E￿c6 |3￿￿ iru 6|3￿ : ￿1
Lw lv gl!fxow wr fkdudfwhul}h ehkdylru zlwk dq| pruh ghwdlo zlwkrxw pdnlqj
dgglwlrqdo dvvxpswlrqv1 Lq sduwlfxodu/ zh qhhg wr pdnh vrph dvvxpswlrqv wkdw
fdxvh erwk frkdelwdwlrq dqg pduuldjh wr h{lvw1 Zh k|srwkhvl}h wkdw shrsoh fr0
kdelw wr dyrlg srwhqwldo glyrufh frvwv hvshfldoo| zkhq wkh| duh xqfhuwdlq derxw wkh
txdolw| ri wkh pdwfk1 Zh dovr k|srwkhvl}h wkdw wkh| pduu| gxh wr dq dgglwlrqdo
xwlolw| erqxv4;1
Dvvxpswlrq 4= (￿ Ł (2 : f dqg s| E￿cS |c_ |cf |￿ Ł s| E2cS |c_ |cf |￿1
Lq idfw wkh zhdn lqhtxdolwlhv lq dvvxpswlrq 4 gr qrw jxdudqwhh wkh h{lvwhqfh
ri erwk frkdelwdwlrq dqg pduuldjh1
Wkhruhp 7171 Li (￿ :( 2 : f dqg s| E￿cS |c_ |cf |￿’s| E2cS |c_ |cf |￿/w k h q
T|
k




2c6 |3￿cS |c_ |c￿ w_|c0 |cf |
l
iru 6|3￿ 9’￿dqg |￿
|W1
Wkhruhp 7181 Li (￿ ’ (2 : f dqg s| E￿cS |c_ |cf |￿ :s | E2cS |c_ |cf |￿/w k h q
T|
k




2c6 |3￿cS |c_ |c￿ w_|c0 |cf |
l
iru 6|3￿ 9’￿ 1
Vlqfh zh duh lqwhuhvwhg lq h{sodlqlqj hqylurqphqwv zkhuh erwk frkdelwdwlrq
dqg pduuldjh duh srvvleoh rxwfrphv/ zh pdnh wkh qhfhvvdu| vwurqjhu dvvxpswlrq1
4;Qhlwkhu ri wkhvh dvvxpswlrqv duh lpsrvhg rq wkh xwlolw|  rz dqg vhsdudwlrq ixqfwlrqv lq wkh
hvwlpdwlrq surfhgxuh glvfxvvhg ehorz1
47Dvvxpswlrq 5= (￿ :( 2/ s| E￿cS |c_ |cf |￿ :s | E2cS |c_ |cf |￿/d q g(￿ ￿ (2 grhv
qrw jurz ryhu | ru _|14<
Jlyhq dvvxpswlrq 5/ wkhuh zloo eh vrph ydoxhv ri 0| zkhuh d pduulhg frxsoh zloo
uhpdlq pduulhg exw d frkdelwlqj frxsoh zloo fkrrvh wr vhsdudwh1 Wklv rffxuv zkhq
wkh ydoxh ri vhsdudwlrq lv juhdwhu wkdq uhpdlqlqj lq d frkdelwlqj uhodwlrqvkls exw
lv orzhu wkdq wkh ydoxh ri uhpdlqlqj lq d pduuldjh ehfdxvh ri wkh kljkhu vhsdudwlrq
frvwv +(6 n s| E6cS|c_ |cf |￿ iru 6:￿,1
Wkhruhp 7191 0W
| E￿c￿￿ ￿0 W
| E￿c2￿1
Xvlqj wkh vdph dvvxpswlrq/ lw fdq eh vkrzq wkdw wkh ydoxh ri ehlqj lq d
pduuldjh lqfuhdvhv dw d idvwhu udwh lq 0| wkdq wkh ydoxh ri ehlqj lq d frkdelwdwlrq1
Dq lqfuhdvh lq 0| d>hfwv xwlolw|  rzv dqg ixwxuh ydoxhv1 Wkh vwuxfwxuh ri wkh prgho
lq htxdwlrq +61<, lpsolhv wkdw wkh h>hfw rq xwlolw|  rzv lv wkh vdph uhjdugohvv ri
wkh w|sh ri uhodwlrqvkls1 Lq jhqhudo/ lqfuhdvhv lq 0| ohdg wr h{shfwhg lqfuhdvhv
lq 0|n￿ wkurxjk ohduqlqj h>hfwv dqg srvlwlyh vhuldo fruuhodwlrq1 Exw wkhuh duh
ydoxhv ri 0W
|n￿ E￿c￿￿ ￿0 |n￿ ￿0 W
|n￿ E￿c2￿ zkhuh wkh lqfuhdvh lq ydoxh lv srvlwlyh iru
pduuldjh +ehfdxvh qr glyrufh zrxog rffxu, dqg }hur iru frkdelwdwlrq +ehfdxvh
d vhsdudwlrq zrxog rffxu,1 Wkxv/ h{shfwhg ixwxuh pduuldjh xwlolw|  rzv duh




Wkhruhp 71:1 YT|d￿c￿cS |c￿c￿ w_| E0|￿c0 |o*Y0| :Y T |d2c￿cS |c￿c￿ w_| E0|￿c0 |o*Y0|Ø
Vlplodu uhvxowv fdq eh suryhq derxw rwkhu uhvhuydwlrq ydoxhv1
Wkhruhp 71;1 Frqvlghu wkh fdvh zkhuh 6|3￿ ￿ ￿1W k h q
d, < 0W
| E2c￿￿ G T|
k



















| E￿c2￿ G T|
k


















4<Wkh odvw sduw ri wklv dvvxpswlrq lv qhfhvvdu| wr uxoh rxw wkh srvvlelolw| ri glyrufh frvwv
ulvlqj vr udslgo| wkdw djhqwv glyrufh hduo| wr dyrlg ehlqj wudsshg odwhu lq wkh uhodwlrqvkls1 Zh





￿c6 |3￿cS |c_ |c￿ w_|c0 |
l
: 4@ 6’￿c2 T|
k
6c6|3￿cS |c_ |c￿ w_|c0 |
l
;0| :0 WW
| E￿c6 |3￿￿ dqg T|
k
￿c6 |3￿cS |c_ |c￿ w_|c0 |
l
￿ 4@ 6’￿c2 T|
k




Lw lv srvvleoh wr vkrz wkdw/ iru vrph vhsdudwlrq frvw gl>huhqwldov dqg pdu0
uldjh suhplxpv/ wkhuh h{lvwv ydoxhv ri 0| vxfk wkdw frkdelwdwlrq grplqdwhv wkh
rwkhu srvvleoh uhodwlrqvkls fkrlfhv1 Wklv lv frqvlvwhqw zlwk wkh ?uvw vw|ol}hg idfw
glvfxvvhg deryh= pdq| uhodwlrqvklsv ehjlq dv qrqpdulwdo frkdelwdwlrqv1 Wkh h{0
lvwhqfh ri frkdelwdwlrq frpelqhg zlwk wkh suhylrxv wkhruhp lv frqvlvwhqw zlwk wkh
wklug vw|ol}hg idfw wkdw pdq| frkdelwdwlrqv duh frqyhuwhg lqwr pduuldjhv1
Wkhruhp 71<1 Ohw 6|3￿ ￿ ￿1W k h u h h { l v w v (￿ :( 2 dqg s| E￿cS |c_ |cf |￿ :
s| E2cS |c_ |cf |￿ zkhuh wkhuh h{lvw 0WW
| E2c6 |3￿￿ ￿ 0WW
| E2c6 |3￿￿ vxfk wkdw
T|
k





6c6|3￿cS |c_ |c￿ w_|c0 |
l
iru doo 0WW
| E2c6 |3￿￿ ￿0 | ￿ 0WW
| E2c6 |3￿￿1
7161 Pdulwdo Lqvwdelolw|
Wkh vwuxfwxuh ri wkh prgho doorzv xv wr pdnh vwdwhphqwv uhjduglqj wkh ulvn ri
glyrufh iru pduuldjhv suhfhghg e| d qrqpdulwdo frkdelwdwlrq dqg wkrvh wkdw zhuh
qrw1 Suhylrxv uhvhdufk kdv irxqg wkdw pduuldjhv suhfhghg e| d qrqpdulwdo frkde0
lwdwlrq zhuh ohvv vwdeoh +h1j1/ Ehqqhww/ Eodqf/ dqg Eorrp 4<;;> GhPdulv dqg Udr
4<<5> Whdfkpdq dqg Srorqnr 4<<3,1 Oloodug/ Eulhq/ dqg Zdlwh +4<<8, hpslulfdoo|
vkrz wkdw wklv gl>huhqfh fdq eh dffrxqwhg iru e| d vhohfwlrq h>hfw1 Wkh prgho
suhvhqwhg khuh surylghv wkhruhwlfdo vxssruw iru wklv k|srwkhvlv1 Frqvlghu d uhod0
wlrqvkls ri ohqjwk | ￿ ￿ ￿ ￿ iru zklfk wkh ?uvw & Ł f s h u l r g vz h u hdq r q p d u l w d o
frkdelwdwlrq dqg wkh odvw |￿￿￿￿ ￿& shulrgv zhuh d pduuldjh1 Frqvlghu krz wkh
suredelolw| ri glyrufh dw wlph | ghshqgv xsrq wkh ohqjwk ri wkh lqlwldo qrqpdulwdo
frkdelwdwlrq &1L q s d u w l f x o d u /
Gh?qlwlrq 71431 Ohw ￿ ￿| E&c￿￿’Ł h d 6| ’￿m 6￿3￿ ’￿ c6 r ’2 ;￿ n &:rŁ
￿c6r ’￿ ;| ￿ ￿ Ł r Ł ￿ n &oØ
Wkh prgho lpsolhv wkdw ￿ ￿| E&c￿￿ lqfuhdvhv lq &1 Wkh lqwxlwlrq lv wkdw vkruw
frkdelwdwlrqv frqyhuwhg lqwr pduuldjhv fruuhvsrqg wr kljk ydoxhv ri w zklfk ohdg
wr orz glyrufh suredelolwlhv1 Wkh h>hfw ri & rq ￿ ￿| E&c￿￿ lv wkhuhiruh hvvhqwldoo| d
vhohfwlrq h>hfw1
49Wkhruhp 71441 Jlyhq dvvxpswlrq 5/ ￿ ￿| E&c￿￿ : ￿ ￿| E,c￿￿ ; &:, 1
Rqh*v lqwxlwlrq dqg wkh olwhudwxuh pljkw vxjjhvw wkdw wkh prgho kdv rwkhu
surshuwlhv1 Iru h{dpsoh/ rqh pljkw wklqn wkdw glyrufh suredelolwlhv duh vpdoohu
wkdq frkdelwdwlrq vhsdudwlrq suredelolwlhv dqg wkdw glyrufh suredelolwlhv ghfolqh
zlwk lqfuhdvhv lq glyrufh frvwv dqg pduuldjh xwlolw|  rzv1 Odwhu/ lq wkh hpslulfdo
uhvxowv/ zh ?qg wklv lv wkh fdvh1 Ohw wkh wudqvlwlrq suredelolw| dw wlph | iurp 6|
wr 6|n￿ eh




















￿ w_|c0 | m 6|cS |c_ |
￿
lv wkh mrlqw frqglwlrqdo ghqvlw| ri ￿ w_| dqg 0|1L q
idfw/ glyrufh suredelolwlhv duh vpdoohu wkdq frkdelwdwlrq vhsdudwlrq suredelolwlhv
ehfdxvh d, 0W
| E￿c￿￿ ￿0 W
| E￿c2￿ dqg e, wkh srvlwlyh fryduldqfh ri 0|*v zlwklq d
uhodwlrqvkls xvhg lq wkh surri ri wkh suhylrxv wkhruhp1
Wkhruhp 71451 ￿| d￿ m 2cS |c_ |o :￿ | d￿ m ￿cS |c_ |o1
Wklv wkhruhp lv frqvlvwhqw zlwk rqh ri wkh vw|ol}hg idfwv glvfxvvhg dw wkh ehjlqqlqj
ri wkh sdshu1
Rqh*v lqwxlwlrq pljkw vxjjhvw wkdw Y￿| d￿ m ￿cS |c_ |o*Y(￿ ￿ f1 Glyrufh frvwv
uhgxfh wkh ydoxh ri ehfrplqj vlqjoh zkhq pduulhg dqg dovr uhgxfh wkh ydoxh ri
ehlqj pduulhg zkhq vlqjoh1 Pduuldjh xwlolw|  rzv lqfuhdvh wkh ydoxh ri ehlqj
pduulhg uhodwlyh wr rwkhu uhodwlrqvkls vwdwhv1 Krzhyhu/ qrqolqhdulwlhv lq ixwxuh
 rzv dqg ixwxuh wudqvlwlrq suredelolwlhv frpsolfdwh wkh lvvxh vr wkdw wkhvh h>hfwv
fdq qrw eh vljqhg1 D vx!flhqw frqglwlrq iru wkhvh frpsolfdwlrqv wr qrw rffxu
lv wkdw djh/ gxudwlrq/ dqg fkloguhq gr qrw d>hfw xwlolw|  rzv1 Wkhvh duh lq
idfw yhu| vwurqj uhvwulfwlrqv1 Dovr rqh pljkw wklqn wkdw wkh uhvhuydwlrq ydoxh
dvvrfldwhg zlwk glyrufh 0W
| E￿c￿￿ lv lqfuhdvlqj lq gxudwlrq ehfdxvh wkh 3rswlrq
ydoxh4 dvvrfldwhg zlwk ohduqlqj derxw d sduwqhu lv glplqlvklqj ryhu wlph1 Wklv lv
qrw wkh fdvh1
D nh| uhvxow ri Mrydqrylf +4<:<, lv wkdw wkhuh lv qhjdwlyh gxudwlrq ghshqghqfh
dvvrfldwhg zlwk h{lwlqj d mre fdxvhg e| xqrevhuyhg khwhurjhqhlw|153 Krzhyhu/ Mr0
ydqrylf vkrzv wkdw wkh qhjdwlyh gxudwlrq ghshqghqfh rffxuv rqo| diwhu vrph fulw0
lfdo srlqw1 Vhsdudwlrq udwhv vkrxog ghfolqh zlwk gxudwlrq ehfdxvh ri xqrevhuyhg
53Dovr vhh Vdujhqw +4<;:,1
4:khwhurjhqhlw| lq 0| dqg w +vhh Mrydqrylf 4<:<, dqg ehfdxvh ri srwhqwldo srvlwlyh
lqfuhdvhv lq xwlolw|  rzv zlwk gxudwlrq +Ys| E￿cS |c_ |cf |￿*Y_| pd| eh srvlwlyh,1
Wkh vhfrqg h>hfw lv frqvlvwhqw zlwk Ehfnhu*v qrwlrq ri lqfuhdvlqj uhodwlrqvkls0
vshfl?f fdslwdo1 Lq jhqhudo/ zh fdq qrw vkrz vxfk d uhvxow iru wkh gxudwlrq lq dq|
sduwlfxodu vwdwh1 Wklv lv sduwo| gxh wr wkh djh/ gxudwlrq/ dqg fkloguhq xwlolw|  rz
h>hfwv dqg sduwo| gxh wr wkh ?qlwh krul}rq dvvxpswlrq1
D vshfldo fdvh zkhuh zh fdq vljq vrph ri wkhvh h>h f w vl vz k h u h
Dvvxpswlrq 6= s6 ’ s| E6|cS |c_ |cf |￿ grhv qrw ghshqg xsrq |/ S|c_ |c ru f|1
Iru h{dpsoh/ lw fdq eh vkrzq wkdw glyrufh kd}dugv ghfuhdvh zlwk lqfuhdvlqj glyrufh
frvwv dqg lqfuhdvlqj pduuldjh  rzv li Dvvxpswlrq 6 lv wuxh1
Wkhruhp 71461 Jlyhq Dvvxpswlrqv 5 dqg 6/ d, Y￿| d￿ m ￿cS |c_ |o*Y(￿ ￿ f dqg
e, iru |W ￿ | odujh hqrxjk/ Y￿| d6 m 6|3￿cS |c_ |o*Ys6 Ł f iru 6 ’￿ c2c￿11
Wkh wkhruhp vkrzv wkdw/ vlqfh glyrufh kd}dugv duh htxdo wr ￿￿￿| d￿ m ￿cS |c_ |o
dqg Y￿| d￿ m ￿cS |c_ |o*Ys￿ Ł f/ glyrufh kd}dugv ghfuhdvh zlwk pduuldjh xwlolw|  rzv1
Hyhq xqghu Dvvxpswlrq 6/ zh fdq qrw vkrz wkdw 0W
| E￿c￿￿ lv lqfuhdvlqj lq gxud0
wlrq1 Zlwk rqh dgglwlrqdo dvvxpswlrq/ krzhyhu/ zh fdq vkrz qhjdwlyh gxudwlrq
ghshqghqfh lq glyrufh udwhv dv|pswrwlfdoo|1
Wkhruhp 71471 Dvvxph |W $4dqg Dvvxpswlrqv 5 dqg 61 Wkhq ￿| d￿ m ￿cS |c_ |o
:￿ |3￿ d￿ m ￿cS |c_ | ￿ ￿o dv |c_| $4+zlwk |W ￿ | $4 ,1
Wkh frqglwlrq wkdw |c_| $4lv edvlfdoo| d vwdwhphqw wkdw wkh uhvxow lv suryhg
rqo| iru d vwhdg| vwdwh glvwulexwlrq ri 0|*v1
7171 Hqgrjhqrxv Lqyhvwphqw lq Uhodwlrqvklsv
Dq lpsruwdqw frqvlghudwlrq lq wkh olwhudwxuh rq wkh hfrqrplfv ri wkh idplo| kdv
ehhq wkh lghd ri lqyhvwphqw lq uhodwlrqvkls0vshfl?f fdslwdo +h1j1/ Ehfnhu 4<<4,1
Wklv frxog lqfoxgh lqyhvwphqwv pdgh lq fkloguhq/ krxvlqj/ ru wkh hgxfdwlrq ri
rqh sduwqhu1 Lq wkh fxuuhqw prgho wkh lqyhvwphqw surfhvv rffxuv wkurxjk erwk
wkh frxsoh kdylqj fkloguhq dqg wkh xwlolw| dvvrfldwhg zlwk ehlqj lq d uhodwlrq0
vkls ghshqglqj xsrq wkh gxudwlrq ri wlph lq wkdw uhodwlrqvkls +k_ lq htxdwlrq
+6143,,1 Vhh Guhzldqnd +4<<;, iru d uhodwhg sdshu wkdw dovr dwwhpswv wr h{solflwo|
lqfrusrudwh wkh lqyhvwphqw surfhvv lq d prgho ri idplo| vwuxfwxuh1
4;Xs xqwlo qrz/ lqyhvwphqw lq uhodwlrqvklsv kdv ehhq prghoohg dv h{rjhqrxv lq
wkdw wkh  rz wr d uhodwlrqvkls s| E6|cS |c_ |cf |￿ fkdqjhv ryhu wkh frxuvh ri wkh uhod0
wlrqvkls rqo| dv d ixqfwlrq ri wkh ohqjwk ri wkh uhodwlrqvkls _|1 Rqh pljkw zdqw wr
dgmxvw wkh prgho vr wkdw frxsohv pdnh rswlpdo uhodwlrqvkls lqyhvwphqw ghflvlrqv1
Wklv fdq eh grqh e| dowhulqj wkh xwlolw|  rz ixqfwlrq wr s| E6|cS |cß |cf |￿ zkhuh
ß| lv dffxpxodwhg kxpdq fdslwdo lq wkh uhodwlrqvkls/ Ys|*Yß| : f1O h w
ß| ’ ß|3￿ n ￿|
zkhuh ￿| lv lqyhvwphqw lq wkh uhodwlrqvkls dw wlph |154 Dvvxph wkhuh lv d frvw wr
lqyhvwphqw y E￿|￿ zlwk Yy E￿|￿*Y￿| : f1 Wkhq htxdwlrq +61<, ehfrphv





ET|n￿ d7|n￿cf |n￿o￿ m ￿ w_|c0 |cS |
￿

















dv d ?uvw rughu frqglwlrq iru ￿|1










ET|n￿ d7|n￿cf |n￿o￿ m ￿ w_|c0 |cS |
￿
: f
ehfdxvh/ dv ￿ w_| lqfuhdvhv/ rqh lv pruh olnho| wr uhpdlq lq wkh uhodwlrqvkls1 Wklv
lpsolhv wkdw Y￿|*Y￿ w_| : f1 Wkh vdph w|sh ri dujxphqw lpsolhv wkdw Y￿|*Y0| : f1
Wkxv/ li wkhuh lv hqgrjhqrxv lqyhvwphqw/ wkhq wkh h>hfw ri _| rq wkh xwlolw|  rz






Lq wkh hpslulfdo sduw ri wklv sdshu zh gr qrw doorz iru hqgrjhqrxv lqyhvwphqw1
Krzhyhu/ zh glvfxvv krz wr whvw wkh qxoo k|srwkhvlv wkdw wkhuh lv qr hqgrjhqrxv
lqyhvwphqw xvlqj d Odjudqjh Pxowlsolhu whvw1
54Doorzlqj iru ghsuhfldwlrq fdxvhv qr sureohpv exw dggv qr lqvljkw1
4<81 Wkh QOV:5 Gdwd
Wkh sdudphwhuv ri wkh prgho zloo eh hvwlpdwhg xvlqj gdwd iurp wkh Qdwlrqdo
Orqjlwxglqdo Vwxg| ri wkh Kljk Vfkrro Fodvv ri 4<:5 +QOV:5,1 Pruh wkdq 55/333
lqglylgxdov zhuh ?uvw lqwhuylhzhg zkhq wkh| zhuh kljk vfkrro vhqlruv lq wkh vsulqj
ri 4<:5 zlwk iroorz0xs lqwhuylhzv lq 4<:6/ 4<:7/ 4<:9/ 4<:</ dqg/ iru d olplwhg
jurxs/ 4<;91 Wkh 4<;9 iroorz0xs zdv xqltxh lq wkdw lv zdv dq xqhtxdo suredelolw|
vxe0vdpsoh wkdw lqfoxghg zlwk fhuwdlqw| doo lqglylgxdov lq wkh ruljlqdo vdpsoh zkr
kdg d pdulwdo glvuxswlrq ru zkr zhuh vlqjoh sduhqwv1 QOV:5 surylghv lqirupdwlrq
rq idplo| edfnjurxqg/ hgxfdwlrqdo dfklhyhphqw/ dqg d ydulhw| ri rwkhu hfrqrplf
dqg ghprjudsklf ghwdlov iurp wkh wlph wkh uhvsrqghqwv ohiw kljk vfkrro xqwlo wkh|
uhdfkhg wkhlu hduo| wkluwlhv1 Wkh ihpdoh sduwlflsdqwv ri wkh 4<;9/ ru ?iwk/ iroorz0xs
frqvwlwxwh wkh edvlf vdpsoh iru wkh dqdo|vlv ri wklv sdshu155
Wkh QOV:5 gdwd frqwdlq ghwdlohg klvwrulhv ri frkdelwdwlrq/ pduuldjh/ dqg ihu0
wlolw|/ dvnhg lq wkh ?iwk iroorz0xs156 Wklv iroorz0xs frqwdlqv vwduwlqj dqg hqglqj
gdwhv iru xs wr wkuhh fruhvlghqwldo uhodwlrqvklsv/ hlwkhu frkdelwdwlrqv ru pduuldjhv1
Wkh gdwd vshfl?fdoo| lghqwli| frkdelwdwlrqv iroorzhg e| pduuldjh wr wkh vdph sduw0
qhu1 Xvlqj wkhvh klvwrulhv/ zh fuhdwhg idplo| irupdwlrq klvwrulhv iru hdfk lqglylg0
xdo1 Wkhvh lqfoxgh wkh gdwhv ri wkh ehjlqqlqj dqg hqglqj ri hdfk frkdelwdwlrq/
gdwhv ri pduuldjh/ vhsdudwlrq/ dqg glyrufh iru pxowlsoh hyhqwv ri hdfk w|sh/ dqg
gdwhv ri frqfhswlrq iru hdfk fklog1 Zh pdwfkhg wkhvh ghwdlohg uhwurvshfwlyh idplo|
klvwrulhv iru lqglylgxdov wr gdwd rq wkhlu hgxfdwlrqdo dfklhyhphqw dqg hquroophqw
vwdwxv/ vwdwh ri uhvlghqfh/ dqg rwkhu edfnjurxqg lqirupdwlrq1 Diwhu h{foxglqj
revhuydwlrqv zlwk edg ru plvvlqj gdwd/ zh duh ohiw zlwk gdwd iru 9/44; zklwh dqg
eodfn zrphq1 Iru wkh sxusrvh ri hvwlpdwlrq/ zh h{dplqh wkh vwdwxv ri lqglylgxdov
h y h u |9p r q w k vi u r pw k hw l p hw k hu h v s r q g h q wl vd j h4 9x q w l ow k hh q gr iw k hs d q h o /
djh 65157 E| wkh hqg ri wkh sdqho/ dssur{lpdwho| 98( ri wkh uhvsrqghqwv kdyh
kdg rqh fruhvlghqwldo sduwqhu +hlwkhu d pduuldjh ru frkdelwdwlrq,/ 48( kdyh kdg
wzr/ dqg 5( kdyh kdg wkuhh ru pruh1
55Wkh vdpsolqj vfkhph xvhg lq wkh ?iwk iroorz0xs lpsolhv d fkrlfh0edvhg vdpsolqj sureohp1
Zh ghdo zlwk wkdw/ iroorzlqj Pdqvnl dqg Ohupdq +4<:<,/ e| zhljkwlqj hdfk revhuydwlrq dssur0
suldwho|1
56Frkdelwdwlrq lv gh?qhg lq wkh QOV:5 dv olylqj zlwk vrphrqh ri wkh rssrvlwh vh{ lq d
3pduuldjh0olnh4 uhodwlrqvkls iru dw ohdvw rqh prqwk1
57Wklv djjuhjdwlrq lpsolhv wkdw zh zloo plvv wudqvlwlrqv lq dqg rxw ri uhodwlrqvklsv1 Wkh
dowhuqdwlyh wr wkh vhpl0dqqxdo rehuvhuydwlrqv lv wr xvh prqwko| gdwd1 Wklv/ krzhyhu/ zrxog eh
wrr frpsxwdwlrqdo h{shqvlyh iru rxu sursrvhg phwkrgv1 Zh kdyh h{dplqhg wkh vhyhulw| ri wklv
sureohp/ dqg irxqg wkdw wkh h>hfwv ri djjuhjdwlrq zhuh suhww| vpdoo1
5391 Hvwlpdwlrq
9141 Hydoxdwlqj wkh Olnholkrrg Frqwulexwlrq
Wkh vhw ri sdudphwhuv wr hvwlpdwh lqfoxgh ￿ +wkh eluwk htxdwlrq frh!flhqwv lq
htxdwlrq +619,,/ k +wkh xwlolw|  rz htxdwlrq frh!flhqwv lq htxdwlrq +6143,,/ B +wkh
vhsdudwlrq frvw htxdwlrq frh!flhqwv lq htxdwlrq +6144,,/ 4 +wkh vhuldo fruuhodwlrq
frh!flhqw,/ dqg j2
w +wkh yduldqfh ri w,1 Wkh ydoxh ri j# lv uhvwulfwhg wr eh ￿ØSeb
+’i  T iØDj,e h f d x v hl wl vx q l g h q w l ?hg lq wkh vdph vhqvh dv doo glvfuhwh fkrlfh
prghov kdylqj dq xqlghqwl?hg yduldqfh whup1 Doo ri wkh k dqg B sdudphwhuv
dqg jw duh phdvxuhg uhodwlyh wr j#1W k h ?uvw vwhs lq hvwlpdwlrq lv frqvwuxfwlqj
olnholkrrg frqwulexwlrqv iru hdfk vdpsoh lqglylgxdo158 Dvvxph gdwd lv revhuyhg iru
| ’￿ c2cØØØcA/o h w￿ 6 ’E 6￿c6 2cØØc6A￿ eh wkh yhfwru ri uhodwlrqvkls vwdwhv vhohfwhg
e| wkh djhqw/ dqg ohw ￿ K ’E K￿cK 2cØØcKA￿ eh wkh yhfwru ri eluwk uhdol}dwlrqv1 Wkh
olnholkrrg frqwulexwlrq iru wkh djhqw lv wkh suredelolw| ri wkh sdwk ri revhuyhg
uhodwlrqvkls fkrlfhv dqg eluwk uhdol}dwlrqv1
Ohw 7￿W
| ’E 6|3￿cS W
￿|c￿c_ |￿ eh wkh yhfwru ri vwdwh yduldeohv h{foxglqj 6|/ ￿ w_|/
dqg 0| frqglwlrqdo rq d eluwk zkhuh SW
￿|n￿ ’4 ￿ ? E S￿| n￿ c 7 ?S￿ lv wkh qxpehu ri








wkh yhfwru ri vwdwh yduldeohv h{foxglqj 6|/ ￿ w_|/d q g0| frqglwlrqdo rq qr eluwk zkhuh
SW
2|n￿ ’4 ￿ ?E S2| n￿ c 7 ?S@￿ lv hlwkhu wkh djh ri wkh |rxqjhvw fklog ru wkh pd{lpxp
uhohydqw djh159 Wklv vwdwh yhfwru qrwdwlrq doorzv xv wr fdswxuh ghwhuplqlvwlf vwdwh
yduldeohv +frqglwlrqdo rq wkh eluwk uhdol}dwlrq, zlwk d vlqjoh v|pero1 Wkhq wkh
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lv dw ohdvw dv odujh dv wkh ydoxh ri doo fkrlfhv
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58Zh zloo vxsuhvv d shuvrq lqgh{ xqwlo lw lv qhfhvvdu|1
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l
zkhuh ￿ w_| lv d ixqfwlrq ri 0| dqg ￿ w_|3￿ dv vkrzq lq htxdwlrqv +616, dqg +617,1
Hdfk ri wkh wudqvlwlrq suredelolwlhv lq htxdwlrq +915, fdq eh zulwwhq dv
K| E>￿’Ł h d 6| ’ &cK| ’ Ko +916,
’ R
K



























| c￿ w_|c0 |
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Wkh olnholkrrg frqwulexwlrq iru dq lqglylgxdo lv wkh lqwhjudo ri KE>￿ lqwhjudwhg
ryhu wkh ghqvlw| ri >15:
9151 Vlpxodwlrq ri Sdwk Suredelolwlhv
Wkh sdwk suredelolwlhv duh wrr gl!fxow wr hydoxdwh dqdo|wlfdoo| sduwldoo| ehfdxvh
wkh| ghshqg xsrq xqrevhuyhg khwhurjhqhlw| > +dqg wkhuhiruh pxvw eh lqwhjudwhg
ryhu >, dqg sduwldoo| ehfdxvh wkh lqwhjudov lq htxdwlrq +916, kdyh qr forvhg irup1
Krzhyhu/ wkh| fdq eh vlpxodwhg xvlqj d prgl?hg JKN dojrulwkp +Jhzhnh 4<<4/
Kdmlydvvlolrx 4<<3/ dqg Nhdqh 4<<7,1 Wkh frpsohwh dojrulwkp lv ghvfulehg ehorz/
dqg wkhq vrph dvvrfldwhg lvvxhv duh glvfxvvhg=
d, Frpsxwh Łhd62cK 2o xvlqj htxdwlrq +916,>
e, Gudz 02 m 62(
f, Frpsxwh ￿ w2 dv ixqfwlrq ri 02>
g, Vhw | ’2dqg K’Ł hd 62cK 2o>
h, Vhw | ’ | n￿ >
i, Frpsxwh Łh
k
6|cK | m 0|3￿c￿ w_|3￿
l
>
j, Vhw K # K œ Łh
k
6|cK | m 0|3￿c￿ w_|3￿
l
>
k, Vwrs li | ’ A>
l, Gudz 0| m 6|c0 |3￿c￿ w_|3￿>
m, Frpsxwh ￿ w_| dv d ixqfwlrq ri 0| dqg ￿ w_|3￿>
n, Jr wr +h,1
5:Wkh phdq ri ￿ lv qrw lghqwl?hg ehfdxvh wkhuh duh frqvwdqwv lq wkh xwlolw|  rz htxdwlrqv1 Wkh
yduldqfh ri ￿/ ￿5
￿/ lv whfkqlfdoo| lghqwl?hg e| fryduldqfh ri kd}dugv lqwr dqg rxw ri uhodwlrqvklsv
zlwklq dq lqglylgxdo1 Zh duh frqfhuqhg derxw uho|lqj xsrq vxfk yduldwlrq wr lghqwli| ￿5
￿ iurp
￿5
º1W k x v / l q v w h d g / z h ?{ ￿5
￿ @4 1
559161 Dgmxvwphqw iru Uduh Hyhqwv
Hydoxdwlqj htxdwlrq +916, fdq eh grqh lq wzr sduwv/ RK
| E￿ ￿ R|￿
￿3K dqg hyhu|wklqj
hovh1 Wkh ?uvw sduw lv vwudljkwiruzdug1 Wkh vhfrqg lv yhu| frpsolfdwhg> vhh
Dsshqgl{ D18 iru ghwdlov1 Xqiruwxqdwho|/ ehfdxvh ri wkh rughuhg qdwxuh ri wkh
uhodwlrqvkls fkrlfhv/ prvw +li qrw doo, ydoxhv ri wkh sdudphwhu yhfwru kdyh wkh surs0
huw| wkdw wkhuh duh dw ohdvw wzr revhuydwlrqv/ ￿ dqg ￿/ zkhuh revhuydwlrq ￿ lqfoxghv
d shulrg ri frkdelwdwlrq zlwk }hur suredelolw| ri rffxuulqj dqg ￿ lqfoxghv d sh0
ulrg ri pduuldjh zlwk }hur suredelolw| ri rffxuulqj1 Wkh wzr frqglwlrqv wrjhwkhu
vxjjhvw wkdw lw zrxog eh gl!fxow wr ?qg d sdudphwhu yhfwru zkhuh wkh olnholkrrg
ixqfwlrq zdv srvlwlyh1 Rqh zd| wr ?{ wklv sureohp lv wr uhsodfh }hur suredelolw|
hyhqwv e| vpdoo suredelolwlhv zlwk lqirupdwlyh ghulydwlyhv1 Lq sduwlfxodu/ uhsodfh
Łhd6| ’ &cK| ’ Ko lq htxdwlrq +916, zlwk
R
K
| E￿ ￿ R|￿





























| c￿ w_|c0 |
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l
_0|c
’| lv d suredelolw| ixqfwlrq vxfk wkdw f ￿’ |/d q g￿ lv d vpdoo qxpehu1 Qrwh
wkdw li y ’f / htxdwlrq +917, uhgxfhv wr htxdwlrq +916,1 Wkxv/ htxdwlrq +917,
fdq eh wkrxjkw ri dv dq dssur{lpdwlrq wr htxdwlrq +916, wkdw dyrlgv wkh sureohpv
dvvrfldwhg zlwk htxdwlrq +916, htxdoolqj }hur1 D vlplodu lghd lv xvhg lq PfIdgghq
+4<;<, dqg Hqjhuv dqg Vwhuq +4<<9,1 Lq sduwlfxodu/ ’| vkrxog eh fkrvhq vr wkdw
f ￿’ | dqg vr wkdw wkh sduwldo ghulydwlyh ri ’| zlwk uhvshfw wr wkh sdudphwhu
yhfwru lv lqirupdwlyh derxw wkh gluhfwlrq rqh vkrxog fkdqjh wkh sdudphwhu yhfwru
wr lqfuhdvh K|1 D pxowlqrpldo orjlw0w|sh suredelolw| fdq eh fkrvhq wr vdwlvi| wkhvh





































| c￿ w_|c0 |
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| c￿ w_|c0 |
￿
￿ f iru doo & 5 8 E6|3￿￿ 9’ ￿ dv ghvluhg1 Li y lv
?{hg dw d yhu| vpdoo qxpehu/ wkhq lw fdq eh dujxhg wkdw d, wklv lv mxvw d vpdoo
ghyldwlrq iurp wkh prgho ru dowhuqdwlyho| e, wkhuh uhdoo| lv d vpdoo h{wuhph ydoxh
huuru lq wkh prgho exw wkdw lwv vl}h lv vr vpdoo wkdw lw kdv qr dssuhfldeoh h>hfw rq
ydoxh ixqfwlrqv15;
Ohw \’E ￿ckcBc4cj2
w￿ eh wkh sdudphwhu yhfwru1 Wkhq wkh pd{lpxp vlpx0
odwhg olnholkrrg +PVO, hvwlpdwru ri \ pd{lpl}hv
S
￿ *L}K￿ zkhuh K￿ lv wkh sdwk
suredelolw| iru vdpsoh shuvrq ￿ gh?q h gl qh t x d w l r q+ 9 1 4 , 1
9171 Qxphulfdo Phwkrgv iru Hydoxdwlqj wkh Olnholkrrg Ixqfwlrq
Lq rxu dssolfdwlrq/ lw lv wrr frpsxwdwlrqdoo| h{shqvlyh wr hydoxdwh wkh ydoxh ixqf0
wlrq iru doo 9/44; revhuydwlrqv/ hvshfldoo| zlwk wkh qhhg wr vlpxodwh1 Vrph sdshuv
lq wkh olwhudwxuh +h1j1 Sdnhv 4<;9/ Vwhuq 4<;</ Hfnvwhlq dqg Zroslq 4<<8, dwwhpsw
wr olplw wkh qxpehu ri wlphv wkdw ydoxh ixqfwlrqv qhhg wr eh hydoxdwhg e| olplwlqj
wkhlu dqdo|vlv wr krprjhqhrxv vdpsohv1 Wklv lv grqh hlwkhu e| uhvwulfwlqj wkh
vdpsoh ru pdnlqj vhyhuh dvvxpswlrqv derxw zkdw yduldeohv pdwwhu1 Zh dfklhyh
vlplodu uhvxowv zlwkrxw uho|lqj rq wkhvh phwkrgv1 Udwkhu/ zh fuhdwh ø uhsuhvhq0
wdwlyh shrsoh zlwk gl>huhqw ydoxhv ri f1 Lq rxu fdvh/ f l q f o x g h vu d f h+ 2 ydoxhv,/
uholjlrq +2 ydoxhv,/ hgxfdwlrq +￿ ydoxhv,/ dqg uhjlrq +e ydoxhv,/ dqg zh glvfuhwl}h
> zlwk ￿ ydoxhv> wkxv wkhuh duh ø ’2￿ 2 ￿ ￿ ￿ e ￿ ￿’￿ e euhsuhvhqwdwlyh shrsoh1
Zh frpsxwh wkh ydoxh ixqfwlrqv rqo| iru wkhvh uhsuhvhqwdwlyh djhqwv dqg 3frq0
glwlrqdo4 sdwk suredelolwlhv iru hdfk vdpsoh shuvrq ￿ xvlqj wkh ydoxh ixqfwlrqv
iru hdfk uhsuhvhqwdwlyh shuvrq ￿ 3forvh4 wr ￿1 Wkhq zh xvh zhljkwhg dyhudjhv ri
wkh frqglwlrqdo sdwk suredelolwlhv wr frpsxwh sdwk suredelolwlhv iru hdfk vdpsoh
shuvrq zkhuh wkh zhljkwv duh lqyhuvho| sursruwlrqdo wr wkh glvwdqfh ehwzhhq wkh
vdpsoh shuvrq dqg wkh uhsuhvhqwdwlyh shuvrq1
Lq sduwlfxodu/ ohw /￿￿ eh wkh zhljkw dvvrfldwhg zlwk uhsuhvhqwdwlyh shuvrq ￿
dqg vdpsoh shuvrq ￿ zkhuh zhljkwv duh qruphg vr wkdw
S
￿ /￿￿ ’￿ 1O h w fS eh
wkh frqwlqxrxv hohphqwv ri f ryhu zklfk zh qhhg wr lqwhusrodwh1 Ohw f_ eh wkh
glvfuhwh hohphqwv ri f zkhuh/ vlqfh doo uhohydqw ydoxhv duh xvhg wr vwudwli| wkh gdwd
+h1j1/ udfh/ uholjlrq/ uhjlrq,/ wkhuh lv qr qhhg wr lqwhusrodwh1 Ohw ￿ f ’
￿
￿ fSc ￿ f_
￿
eh
w k hy d o x h vr if ’
￿
fScf_￿
fruuhvsrqglqj wr uhsuhvhqwdwlyh shrsoh1 Lq rxu fdvh/
5;Rqfh wkh h{wuhph ydoxh huuru lv dgghg/ wkh JKN dojrulwkp deryh qhhgv wr eh prgl?hg1 Vhh
Eulhq/ Oloodug/ dqg Vwhuq +4<<:, iru ghwdlov1
57wkh frqwlqxrxv yduldeohv fS duh > dqg hgxfdwlrq/ ghqrwhg fe1O h wh >￿ eh wkh odujhvw
3uhsuhvhqwdwlyh4 ydoxh ri > ohvv wkdq >￿ dqg h >2 eh wkh vpdoohvw 3uhsuhvhqwdwlyh4
ydoxh ri > juhdwhu wkdq >￿/ dqg gh?qh h fe￿ dqg h fe2 dqdorjrxvo| iru hgxfdwlrq1
Wkhq wkh zhljkwlqj ixqfwlrq +ehiruh qruplqj, lv jlyhq e|
/￿￿ ’ m>￿ ￿ h >&m
)
æ








_ ’ ￿ f
_
￿
zkhuh h >& ’ h >￿ li uhsuhvhqwdwlyh shuvrq ￿ kdv > ’ h >2 dqg h >& ’ h >2 li uhsuhvhqwdwlyh
shuvrq ￿ kdv > ’ h >￿> h fe&
￿ lv gh?qhg dqdorjrxvo| iru wkh wzr dgmdfhqw uhsuhvhqwd0
wlyh ydoxhv ri hgxfdwlrq> dqg ) lv d frqvwdqw ohvv wkdq ru htxdo wr wzr15<
Wkh zhljkwlqj vfkhph lv looxvwudwhg lq Iljxuh 51 Frqvlghu dq revhuydwlrq
ghqrwhg srlqw ł1 Ohw wkh dgmdfhqw yhuwlfhv iru wkh frqwlqxrxv vwudwli|lqj yduldeohv
eh ghqrwhg e| U/ UU/ UUU/d q gUT/ dqg ohw wkh glvwdqfhv ehwzhhq ł dqg hdfk ri
wkh frqwlqxrxv vwudwli|lqj yduldeohv eh ghqrwhg e| 5￿ wkurxjk 5e1 Wkhq wkh zhljkw














Wkh sdwk suredelolw| iru vdpsoh shuvrq ￿ fdq eh vlpxodwhg xvlqj wkh prgl?hg
JKN dojrulwkp ghvfulehg deryh frqglwlrqdo rq wkh ydoxh ixqfwlrqv iru uhsuhvhq0
wdwlyh shuvrq ￿1 Wkxv wkh sdwk suredelolw| iru vdpsoh shuvrq ￿ ghshqgv rq uhsuh0
vhqwdwlyh shuvrq ￿ wkurxjk ￿*v ydoxh ixqfwlrqv/ dqg lw ghshqgv rq vdpsoh shuvrq
￿ wkurxjk ￿*v revhuyhg fkrlfhv dqg eluwk uhdol}dwlrqv1 Wkh hydoxdwlrq ri wkh olnhol0
krrg ixqfwlrq xvhv wkh iroorzlqj dojrulwkp +Uhsuhvhqwdwlyh Djhqw Dojrulwkp,=
4, Lqlwldol}h K￿ ’firu doo vdpsoh shrsoh ￿1
5, Iru hdfk uhsuhvhqwdwlyh shuvrq ￿/
d, hydoxdwh wkh ydoxh ixqfwlrq/
e, iru hdfk vdpsoh shuvrq ￿ vxfk wkdw /￿￿ : f/v l p x o d w hK￿￿/ wkh sdwk suredelolw|
iru vdpsoh shuvrq ￿ frqglwlrqdo rq uhsuhvhqwdwlyh shuvrq ￿*v ydoxh ixqfwlrq/ dqg
lqfuhphqw K￿ e| /￿￿K￿￿1
Wklv dojrulwkp lqfuhdvhv frpsxwdwlrq vshhg e| dq rughu ri pdjqlwxgh ehfdxvh
wkh ydoxh ixqfwlrqv/ zklfk duh yhu| h{shqvlyh wr hydoxdwh/ qhhg wr eh hydoxdwhg
rqo| 477 wlphv iru hdfk jxhvv ri wkh sdudphwhuv1 Li doo ri wkh vwudwli|lqj yduldeohv
5<Wkh vdph zhljkwlqj ixqfwlrq lv xvhg iru lqwhusrodwlqj ydoxh ixqfwlrqv1 Li * Ł 5/ wkhq C$@C{
h{lvwv iru dq| { exw lv }hur dw lqwhusrodwlrq srlqwv1 Zkloh wklv lv qrw d sureohp iru lqwhusrodwlqj
iru uhsuhvhqwdwlyh shrsoh/ lw lv d sureohp iru lqwhusrodwlqj ydoxh ixqfwlrqv1 Iru * Ł 3/w k hz h l j k w v
kdyh wkh qlfh surshuw| wkdw wkh zhljkwhg dyhudjh lv frqwlqxrxv dw vhdpv1 Lq wklv dssolfdwlrq/
zh vhw * @5 1
58xvhg wr gh?qh uhsuhvhqwdwlyh shrsoh zhuh glvfuhwh/ wkhq wklv dssurdfk zrxog eh
h{dfw1 Krzhyhu/ vlqfh dw ohdvw > dqg/ dujxdeo|/ hgxfdwlrq duh frqwlqxrxv yduldeohv/
rqh pxvw wklqn ri wklv phwkrg dv dq dssur{lpdwlrq1 Li rqh doorzv wkh glvwdqfh
zlwk uhvshfw wr frqwlqxrxv vwudwli|lqj yduldeohv ehwzhhq uhsuhvhqwdwlyh shrsoh wr
dssurdfk }hur dv|pswrwlfdoo| +dw d vorz udwh,/ wkhq dssur{lpdwlrq eldv glvdsshduv
dv|pswrwlfdoo|163
Lq wkh surfhvv ri hydoxdwlqj +dfwxdoo| dssur{lpdwlqj, wkh ydoxh ixqfwlrq iru d
uhsuhvhqwdwlyh shuvrq/ zh dovr lqwhusrodwh/ xvlqj d phwkrg vlplodu wr Vwlqheulfnqhu
+4<<9,1 Wklv dssurdfk fdq eh frpsduhg zlwk wkh lqwhusrodwlrq phwkrgv ri Nhdqh
dqg Zroslq +4<<7,1 Vwlqheulfnqhu +4<<9, lv d orfdo uhjuhvvlrq dssur{lpdwlrq zkloh
Nhdqh dqg Zroslq +4<<7, lv joredo uhjuhvvlrq dssur{lpdwlrq1 Wkh gl>huhqfh
ehwzhhq rxu phwkrg dqg Vwlqheulfnqhu*v lv wkdw rxu zhljkwlqj ixqfwlrq lv gl>huhqw1
Exw zh dovr xvh lqwhusrodwlrq lq wkh Uhsuhvhqwdwlyh Djhqw Dojrulwkp deryh zklfk
lv qrw wkh fdvh iru hlwkhu Nhdqh dqg Zroslq +4<<7, ru Vwlqheulfnqhu +4<<9,1
9181 Whvw iru Hqgrjhqrxv Lqyhvwphqw
Iroorzlqj rxu hduolhu glvfxvvlrq ri hqgrjhqrxv lqyhvwphqw/ zh zrxog olnh wr whvw
iru lw dw rxu hvwlpdwhv1 Zh qhhg wr uhzulwh rxu xwlolw|  rz htxdwlrqv wr doorz iru
gxudwlrq h>hfwv wr ghshqg xsrq ￿ w_| dqg 0|1 Frqvlghu uhzulwlqj wkh xwlolw|  rz
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Qrwh wkdw wklv lv qrw dv jhqhudo dv wkh lpsolfdwlrqv ri hqgrjhqrxv lqyhvwphqw
vxjjhvw lq wkdw d, wkh h>hfw ri ￿ w_| dqg 0| duh dgglwlyh dqg e, suhylrxv ydoxhv ri
￿ w dqg 0 kdyh qr h>hfw1 Qhyhuwkhohvv/ wklv vshfl?fdwlrq vkrxog fdswxuh ?uvw rughu
h>hfwv ri hqgrjhqrxv lqyhvwphqw1
63Vwhskhq Grqdog vxjjhvwhg wkdw zh frxog xvh wklv dojrulwkp pruh h!flhqwo| e| djjuhjdwlqj
frqwlqxrxv +dqg srvvleo| doo, h{rjhqrxv fryduldwhv lqwr d vlqjoh olqhdu lqgh{1 Zh frxog xvh d
uhodwlyho| ?qh phvk vl}h dqg vwloo uhgxfh wkh qxpehu ri uhsuhvhqwdwlyh shrsoh zkloh lqfuhdvlqj
wkh qxpehu ri fryduldwhv zh fdq xvh dv frqwurov1 Rxu rqo| frqfhuqv derxw klv vxjjhvwlrq lv wkdw/
lq wklv sureohp/ rqh zrxog qhhg wzr olqhdu lqglfhv wr fdswxuh wkh h>hfw ri fryduldwhv rq  rzv
dqg eluwk suredelolwlhv dqg wkdw wkh phvk ghvljq zrxog ghshqg xsrq wkh hvwlpdwhg frh!flhqwv
lq wkh  rz dqg eluwk suredelolw| htxdwlrqv1 Qhyhuwkhohvv/ zh wklqn wklv lv dq h{fhoohqw duhd iru
ixwxuh lqyhvwljdwlrq1
59Qrwh wkdw/ dw kw ’f / sW
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Xvlqj wkh fkdlq uxoh/ zh fdq frpsxwh
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+zkhuh U lv wkh vdpsoh vl}h, zklfk lv glvwulexwhg vwdqgdug qrupdo xqghu wkh qxoo
k|srwkhvlv wkdw kw ’f 1
:1 Hvwlpdwlrq Uhvxowv
:141 Fklogehdulqj Ghflvlrqv
Sulru wr hvwlpdwlqj wkh ixoo prgho ri uhodwlrqvkls fkrlfhv/ iroorzlqj Uxvw +4<;;,/
zh rewdlq sdudphwhu hvwlpdwhv iru wkh suredelolw| wkdw d zrpdq frqfhlyhv d fklog
lq d sduwlfxodu shulrg1 Dv ghvfulehg deryh/ ehfdxvh ri frpsxwdwlrqdo frvwv/ zh
gr qrw prgho fklogehdulqj ghflvlrqv dv sduw ri d xwlolw| rswlpl}dwlrq sureohp/
exw zh doorz wkh suredelolw| wkdw wkh djhqw frqfhlyhv d fklog wr eh d ixqfwlrq
ri khu fkdudfwhulvwlfv dqg uhodwlrqvkls vwdwxv1 Wkh suhglfwhg suredelolwlhv duh
wkhq xvhg lq wkh hvwlpdwlrq ri wkh uhodwlrqvkls prgho1 Orjlvwlf uhjuhvvlrqv zhuh
hvwlpdwhg iru hdfk zrpdq dqg |hdu uhsuhvhqwhg lq wkh ixoo sdqho ri wkh QOV:5
gdwd1 Wkh rxwfrph prghohg lv dq lqglfdwru yduldeoh wkdw htxdov rqh li wkh zrpdq
frqfhlyhg d fklog lq wkh shulrg dqg }hur rwkhuzlvh164 Frqwuro yduldeohv lqfoxgh
wkh zrpdq*v udfh +eodfn/ qrqeodfn,/ uholjlrq +Fdwkrolf/ qrq0Fdwkrolf,/ |hduv ri
hgxfdwlrq/ vfkrro hquroophqw vwdwxv/ uhjlrq ri uhvlghqfh +vrxwk/ plgzhvw/ zhvw/
qruwkhdvw,/ dqg slhfhzlvh olqhdu vsolqhv lq djh/ gxudwlrq ri fxuuhqw uhodwlrqvkls
+lqfoxglqj |hduv vlqjoh,/ qxpehu ri fkloguhq/ dqg wkh djh ri wkh |rxqjhvw fklog165
Wkh uhvxowv ri wklv hvwlpdwlrq/ zklfk duh suhvhqwhg lq Wdeoh 4/ vxjjhvw d vwd0
wlvwlfdoo| vljql?fdqw uroh ri pdq| ri wkh fryduldwhv dqg wkdw wkhlu lpsdfw ydulhv
64Wklv lqfoxghv rqo| fkloguhq zkr zhuh fduulhg wr whup1
65Qxpehu ri fkloguhq dqg djh ri |rxqjhvw fklog duh vxemhfw wr wkh xsshu erxqgv glvfxvvhg lq
wkh wkhruhwlfdo prgho1
5:dfurvv uhodwlrqvkls vwdwxv1 Iru h{dpsoh/ zh ?qg wkdw eodfn zrphq duh pxfk
pruh olnho| wkdq qrqeodfn zrphq wr kdyh d fklog hlwkhu rxwvlgh ri d fruhvlghqwldo
uhodwlrqvkls ru lq d qrqpdulwdo frkdelwdwlrq1 Wklv lv frqvlvwhqw zlwk wkh olwhud0
wxuh grfxphqwlqj wkh odujh udfldo gl>huhqfhv lq qrqpdulwdo fklogehdulqj +h1j1/ X1V1
Ghsw1 ri Khdowk dqg Kxpdq Vhuylfhv 4<<8,1 Zh dovr ?qg wkdw Fdwkrolfv duh ohvv
olnho| wr kdyh d fklog zkloh vlqjoh dqg pruh olnho| wr kdyh d fklog zkloh pduulhg1
Pruh hgxfdwlrq kdv d qhjdwlyh h>hfw rq wkh suredelolw| ri kdylqj d fklog zkloh
vlqjoh ru frkdelwlqj/ dqg d srvlwlyh exw lqvljql?fdqw h>hfw zkloh pduulhg1 Ehlqj
hquroohg lq vfkrro ohdgv wr d orzhu suredelolw| ri fklogehdulqj uhjdugohvv ri wkh
zrpdq*v uhodwlrqvkls vwdwxv1 Ilqdoo|/ d zrpdq*v ihuwlolw| klvwru|/ lqfoxglqj erwk




Wkh uhvxowv iru wkh prgho ri uhodwlrqvkls fkrlfhv duh suhvhqwhg lq Wdeoh 51 Wklv
wdeoh lv frpsrvhg ri wkuhh sdqhov1 Sdqho D frqwdlqv wkh hvwlpdwhg xwlolw|  rz
frh!flhqwv1 Sdqho E suhvhqwv wkh hvwlpdwhv ri wkh frvwv ri vhsdudwlqj iurp d
fruhvlghqwldo uhodwlrqvkls1 Ilqdoo|/ Sdqho F suhvhqwv hvwlpdwhv ri wzr dx{loldu|
sdudphwhuv> wkh vwdqgdug ghyldwlrq ri wkh pdwfk txdolw| w dqg wkh dxwrfruuhodwlrq
whup 41 Lw vkrxog eh qrwhg wkdw wkh hvwlpdwhv lq doo wkuhh sdqhov duh vwdwlvwlfdoo|
vljql?fdqw dw wkh 8 shufhqw ohyho1
Iluvw frqvlghu Sdqho D dqg wkh idfwruv wkdw d>hfw dq lqglylgxdo*v xwlolw|  rz1
Wkh ?uvw froxpq suhvhqwv wkh hvwlpdwhv iru frkdelwdwlrq dqg wkh vhfrqg froxpq
lv iru pduuldjh1 Erwk vhwv ri hvwlpdwhv vkrxog eh lqwhusuhwhg dv wkh lqfuhphqwdo
xwlolw|  rz dvvrfldwhg zlwk wkh sduwlfxodu vwdwh +uhodwlyh wr ehlqj vlqjoh, zkhq
wkh dvvrfldwhg fryduldwh lqfuhdvhv e| rqh xqlw1 Iru h{dpsoh/ wkh frkdelwdwlrq
frh!flhqw rq Fdwkrolf/ ￿fØ2￿2/ phdqv wkdw/ kroglqj doo hovh frqvwdqw/ Fdwkrolfv
uhfhlyh d xwlolw|  rz fØ2￿2 xqlwv ohvv wkdq qrq0Fdwkrolfv +uhodwlyh wr wkh xwlolw|
 rz uhfhlyhg zkhq vlqjoh,1 Lq wklv prgho/ xwlolw| xqlwv duh phdvxuhg uhodwlyh wr
wkh vwdqgdug ghyldwlrq ri #/ wkh lqqrydwlrq wr xwlolw|  rzv1 Uhfdoo wkdw wkh ydoxh
ri j# lv uhvwulfwhg wr eh ￿ØSeb +’i  TiØDj,1 Wkxv/ iru h{dpsoh/ wkh frh!flhqw rq
Fdwkrolf phdqv wkdw d Fdwkrolf*v frkdelwdwlrq xwlolw|  rz lv fØ2￿2*￿ØSeb ’ Ø￿e￿
vwdqgdug ghyldwlrqv ri # ohvv wkdq d qrq0Fdwkrolf*v xwlolw|  rz1
Wkh prgho frqwdlqv d qxpehu ri yduldeohv vlplodu wr wkrvh xvhg lq wkh fklog0
ehdulqj htxdwlrqv ghvfulehg deryh1 Wkhvh lqfoxgh lqglfdwru yduldeohv iru zkhwkhu
5;wkh uhvsrqghqw lv eodfn/ lv Fdwkrolf/ lv hquroohg lq vfkrro/ dqg jhrjudsklf uhjlrq
ri uhvlghqfh1 \hduv ri hgxfdwlrq/ wkh qxpehu ri fkloguhq/ dqg wkh djh ri wkh
|rxqjhvw fklog duh lqfoxghg dv rughuhg lqwhjhu yduldeohv1 Wkh uhvsrqghqw*v djh
dqg gxudwlrq lq d uhodwlrqvkls vwdwxv duh phdvxuhg zlwk slhfhzlvh olqhdu vsolqh
yduldeohv1 Wkh djh/ gxudwlrq/ dqg fklog djh yduldeoh duh doo phdvxuhg lq 9 prqwk
wlph shulrgv1
Frqvlvwhqw zlwk rwkhu olwhudwxuh rq pduuldjh dqg pduuldjh pdunhwv +h1j1/ Eulhq
4<<:,/ zh ?qg wkdw eodfn zrphq uhfhlyh ohvv xwlolw| wkdq zklwh zrphq lq d fruhv0
lghqwldo uhodwlrqvkls1 Wklv pd| lq sduw eh gxh wr wkh uhvrxufhv dydlodeoh iurp
wkh sduwqhuv ri eodfn zrphq ru wr wkh rssruwxqlwlhv dydlodeoh wr eodfn zrphq
zkloh vlqjoh1 Wkh h>hfw lv odujhu iru pduuldjh wkdq iru frkdelwdwlrq1 Zh dovr ?qg
wkdw ehlqj Fdwkrolf lv dvvrfldwhg zlwk kdylqj d orzhu xwlolw| lq frkdelwdwlrq dqg
pduuldjh1 Zkloh pxfk ri wkh olwhudwxuh lq wklv duhd +h1j1/ Plfkdho dqg Wxpd
4<;8, vxjjhvwv wkdw Fdwkrolfv pduu| odwhu gxh wr uholjlrxv uhvwulfwlrqv rq glyrufh/
lw lv lpsruwdqw wr qrwh wkdw rxu xwlolw| h>hfw lv qrw gxh wr d kljkhu srwhqwldo gl0
yrufh frvw iru Fdwkrolfv1 Dv zloo eh glvfxvvhg ehorz/ wkh Fdwkrolf surklelwlrq rq
glyrufh lv fdswxuhg lq wkh Sdqho E1 Rqh pljkw frqmhfwxuh wkdw wkh surklelwlrq
rq frqwudfhswlyh xvh uhgxfhv vh{xdo dfwlylw|/ dqg wkhuhiruh xwlolw|/ zlwklq d uhod0
wlrqvkls iru Fdwkrolfv wkdq qrq0Fdwkrolfv1 Exw/ Odxpdqq hw do1 +4<<7, ?qg wkdw
Fdwkrolfv duh dv olnho| wr xvh frqwudfhswlrq dv qrq0Fdwkrolfv +sj1 783, dqg kdyh
vh{ dv iuhtxhqwo| dv qrq0Fdwkrolfv +sj1 ;;,166 Wkh sdwwhuq ri wkh uhjlrq gxpp|
yduldeohv lpso| wkdw/ uhodwlyh wr wkh rwkhu uhjlrqv/ lqglylgxdov lq wkh vrxwk jdlq
wkh prvw iurp ehlqj lq d uhodwlrqvkls dqg lqglylgxdov lq wkh zhvw jdlq wkh ohdvw1
Pruh hgxfdwlrq lpsolhv d orzhu ohyho ri xwlolw| lq hlwkhu uhodwlrqvkls vwdwh1 D
srvvleoh h{sodqdwlrq iru wklv pd| eh juhdwhu hpsor|phqw rssruwxqlwlhv iru pruh
kljko| hgxfdwhg zrphq rxwvlgh ri d uhodwlrqvkls1 Vlploduo|/ ehlqj hquroohg lq
vfkrro ohdgv wr ohvv xwlolw| zkhq lq d fruhvlghqwldo uhodwlrqvkls1 Wklv h>hfw lv
voljkwo| odujhu iru pduuldjh1 Wklv pljkw lqglfdwh wkdw vwxghqwv gr qrw kdyh d olih0
vw|oh ru vfkhgxoh wkdw lv frqgxflyh wr pduuldjh ru wkdw wkh| ulvn orvlqj ?qdqfldo
vxssruw iurp wkhlu sduhqwv li wkh| hqwhu d fruhvlghqwldo uhodwlrqvkls zkloh hquroohg
lq vfkrro +h1j1/ Wkruqwrq/ D{lqq/ dqg Whdfkpdq 4<<8,1
Ilqdoo|/ wkh xwlolw| dvvrfldwhg zlwk ehlqj lq d uhodwlrqvkls lqfuhdvhv lq wkh
qxpehu ri fkloguhq iru frkdelwdwlrqv dqg ghfuhdvhv iru pduuldjhv1 Wkh qhjdwlyh
frh!flhqw iru pduuldjhv/ zklfk lv uhodwlyho| vpdoo/ lv fdxvhg e| wkh vdpsoh kd}dug
udwh lqwr pduuldjh e| zrphq ghfuhdvlqj zlwk wkh qxpehu ri fkloguhq eruq sulru
66Lw lv lpsruwdqw wr qrwh wkdw Fdwkrolf pljkw eh fdswxulqj vrfldo ru hwkqlf gl>huhqfhv udwkhu
wkdq uholjlrxv gl>huhqfhv1
5<wr pduuldjh/ d uhvxow irxqg lq wkh ghprjudsklf olwhudwxuh +h1j1/ Ehqqhww/ Eorrp/
dqg Ploohu 4<<8,1 Wkh glyrufh frvwv frh!flhqwv glvfxvvhg ehorz h{sodlq wkh uhod0
wlrqvkls ehwzhhq wkh kd}dug rxw ri pduuldjh dqg wkh qxpehu ri fkloguhq1 Wkh
qhjdwlyh xwlolw| frh!flhqw pd| lq sduw eh gxh wkh lqdelolw| ri wkh gdwd wr lghqwli|
zkhwkhu wkh pduuldjh sduwqhu lv wkh elrorjlfdo idwkhu ri wkh zrpdq*v fkloguhq1 D
srvvleoh lpsuryhphqw lq rxu hpslulfdo lpsohphqwdwlrq pljkw eh wr glvwlqjxlvk
ehwzhhq fkloguhq eruq sulru wr wkh pduuldjh dqg fkloguhq eruq gxulqj wkh pdu0
uldjh1 Wklv lv sureohpdwlf ehfdxvh lw vljql?fdqwo| lqfuhdvhv wkh vl}h ri wkh vwdwh
vsdfh dqg ehfdxvh lw lv yhu| zhdno| lghqwl?hg e| wkh gdwd1 Lq sduwlfxodu/ vdpsoh
kd}dug udwhv lqwr pduuldjh fdq qrw khos lghqwli| wkh h>h f wr if k l o g u h qe r u qg x u 0
lqj wkh pduuldjh167 Vlqfh wkh fkloguhq d>hfw erwk xwlolw| dqg vhsdudwlrq frvwv/
vdpsoh glyrufh udwhv fdq qrw lghqwli| erwk h>hfwv1 Wklv dqdo|vlv ehjv wkh txhv0
wlrq ri zk| wkh frh!flhqw iru fkloguhq lv srvlwlyh iru frkdelwdwlrq1 Lw pd| eh
wkdw uhodwlrqvklsv duh xvhixo lq udlvlqj fkloguhq lq wkh vhqvh ri Ehfnhu*v prgho ri
krxvhkrog ehkdylru1 Li rqh pduulhv/ rqh jdlqv wkh ehqh?wr ik d y l q jd q r w k h ud g x o w
exw orvhv dq| sd|phqwv +h1j1 fklog vxssruw/ DIGF, dvvrfldwhg zlwk qrw ehlqj
pduulhg1 Wkh qhjdwlyh sduw ri wkh wudghr> grhv qrw h{lvw +ru dw ohdvw lv qrw dv
lpsruwdqw, iru frkdelwdwlrqv1 Wkh uhvxowv dovr lqglfdwh wkdw wkh xwlolw| ydoxh ri
fkloguhq ghfolqhv dv wkh fkloguhq djh1
Sdqho E frqvlghuv wkh xwlolw| frvwv dvvrfldwhg zlwk vhsdudwlqj iurp d uhodwlrq0
vkls1 Wkh frqwuro yduldeohv duh wkh qxpehu ri fkloguhq/ wkh djh ri wkh |rxqjhvw
fklog/ dqg dq lqglfdwru iru zkhwkhu wkh uhvsrqghqw lv Fdwkrolf1 Zh ?qg kljkhu
glyrufh frvwv iru Fdwkrolfv1 Lqwhuhvwlqjo|/ wkh| dovr vhhp wr sd| d kljkhu frvw ri
vhsdudwlqj iurp d qrqpdulwdo frkdelwdwlrq1 Dv h{shfwhg/ wkh suhvhqfh ri fkloguhq
udlvh wkh frvw ri vhsdudwlqj iurp d uhodwlrqvkls1 Vxusulvlqjo|/ wklv frvw dsshduv wr
eh voljkwo| kljkhu iru h{lwlqj d frkdelwdwlrq/ dqg wkh gl>huhqfh lv vwdwlvwlfdoo| vlj0
ql?fdqw1 Pd|eh idwkhuv zkr zhuh qhyhu pduulhg wr wkh prwkhuv ri wkhlu fkloguhq
kdyh pruh gl!fxow| pdlqwdlqlqj d uhodwlrqvkls zlwk wkhlu fkloguhq dqg duh ohvv
olnho| wr surylgh fklog vxssruw +Kdqvrq/ hw do1 4<<9,/ wkxv lqfuhdvlqj vhsdudwlrq
frvwv1 Uhjdugohvv ri uholjlrq dqg fklog fkdudfwhulvwlfv/ vhsdudwlrq frvwv duh dozd|v
kljkhu iru pduuldjh wkdq iru frkdelwdwlrq168 Wklv uhvxow/ zklfk zdv qrw lpsrvhg
rq wkh sdudphwhuv e| wkh hvwlpdwlrq surfhgxuh/ uh hfwv/ dprqj rwkhu wklqjv/ wkh
67Whfkqlfdoo|/ vdpsoh kd}dug udwhv lqwr pduuldjh surylgh vrph lqirupdwlrq derxw wkh h>hfw ri
qxpehu ri fkloguhq rq pduuldjh xwlolw| exw rqo| ehfdxvh eluwk udwhv ydu| e| uhodwlrqvkls w|shv1
Lghqwl?fdwlrq wkurxjk wklv phfkdqlvp uholhv rq ixqfwlrqdo irup dvvxpswlrqv derxw krz ixwxuh
xwlolw| ghshqgv rq suhvhqw fkrlfhv> wkxv lw lv zhdn1
68Wklv lv wuxh ehfdxvh wkh qxpehu ri fkloguhq lv fhqvruhg dw 7 dqg djh ri wkh |rxqjhvw fklog
lv fhqvruhg dw 5 |hduv ri djh1
63ohjdo frvwv ri hqglqj d irupdo pduuldjh dqg uholjlrxv surklelwlrqv rq glyrufh1
Sdqho F surylghv hvwlpdwhv ri jw dqg 41Q r w h w k d w jw lv fØSe zklfk lv vljql?0
fdqwo| vpdoohu wkdq j# vxjjhvwlqj wkdw wkhuh lv pruh yduldqfh dfurvv wlph zlwklq d
uhodwlrqvkls wkdq dfurvv srwhqwldo uhodwlrqvklsv1 Wkh hvwlpdwh ri wkh vhuldo fruuh0
odwlrq whup 4 lv fØee./ vxjjhvwlqj prghudwh srvlwlyh vhuldo fruuhodwlrq lq # vkrfnv1
Jlyhq rxu hvwlpdwh ri 4/ wkh yduldqfh ri ￿ w_| vl{ shulrgv lqwr d uhodwlrqvkls lv fØ￿.1
Lq frqwudvw/ li zh dvvxph wkdw wkhuh lv qr vhuldo fruuhodwlrq +4 ’f ,/ zh revhuyh d
pxfk vkdushu ghfolqh lq wkh yduldqfh/ lpso|lqj idvwhu ohduqlqj> vl{ shulrgv lqwr d
uhodwlrqvkls/ wkh yduldqfh ri ￿ w_| lv fØ2￿1
Ryhudoo/ wkh sdudphwhu hvwlpdwhv kdyh lqwhuhvwlqj lpsolfdwlrqv iru wkh h>hfw ri
wkh vl}h ri uhodwlyh xwlolw|  rzv rq uhodwlrqvkls fkrlfhv1 Frqvlghu d 53 |hdu rog/
zklwh/ qrq0Fdwkrolf zlwk 45 |hduv ri vfkrrolqj/ olylqj lq wkh vrxwk zlwk qr fkloguhq
dqg qrw hquroohg lq vfkrro1 Iru vxfk d shuvrq/ wkh dyhudjh gl>huhqwldo ehwzhhq wkh
pduuldjh xwlolw|  rz dqg frkdelwdwlrq xwlolw|  rz iru vwduwlqj d qhz uhodwlrqvkls
lv 2Øe2b ￿ ￿ØS￿b ’ fØH￿f1 Qrwh wkdw wkhuh lv yduldwlrq lq xwlolw|  rzv gxh wr wkh
udqgrpqhvv ri w dqg #1 Lq idfw/ wkh pduuldjh xwlolw|  rz gl>huhqwldo +fØH￿f,l v
vpdoo uhodwlyh wr wkh vwdqgdug ghyldwlrq ri wkh udqgrp frpsrqhqwv1 Wklv vxjjhvwv
wkdw hyhq vpdoo pduuldjh xwlolw|  rz suhplxpv +uhodwlyh wr frkdelwdwlrq xwlolw|
 r z v ,f d qj h q h u d w hk l j kp d u u l d j hu d w h vh y h qz l w ko d u j hg l >huhqfhv lq vhsdudwlrq
frvwv dv orqj dv wkh uhodwlrqvkls xwlolw|  rzv dvvrfldwhg zlwk ehlqj lq d uhodwlrqvkls
duh odujh uhodwlyh wr wkh xwlolw|  rz dvvrfldwhg zlwk ehlqj vlqjoh1 Lq vxfk d fdvh/
d shuvrq lv zloolqj wr lqfxu wkh ulvn dvvrfldwhg zlwk glyrufh wr hqmr| d prghvw
pduuldjh xwlolw|  rz suhplxp ehfdxvh glyrufh lv dq xqolnho| hyhqw1
Dqrwkhu lpsolfdwlrq ri wkh hvwlpdwhv lv wkdw lw lv lpsrvvleoh wr jhqhudwh d k|0
srwkhwlfdo shuvrq zkrvh xwlolw|  rz wr frkdelwdwlrq h{fhhgv wkh xwlolw|  rz wr
pduuldjh dw wkh ehjlqqlqj ri d uhodwlrqvkls1 Wkhuh zdv qrwklqj lq wkh hvwlpd0
wlrq surfhgxuh wkdw uhtxluhg wklv wr kdsshq1 Wklv uhvxow vxssruwv wkh wkhruhwlfdo
prgho dvvxplqj d srvlwlyh suhplxp wr pduuldjh +uhodwlyh wr frkdelwdwlrq, dv wkh
fdxvh ri frxsohv pduu|lqj ghvslwh kljk glyrufh frvwv1 Dv wkh prgho vkrzv/ frx0
sohv vwloo vrphwlphv frkdelw ehfdxvh ri kljkhu vhsdudwlrq frvwv iru pduuldjh wkdq
frkdelwdwlrq dqg ehfdxvh xwlolw|  rzv fkdqjh ryhu wkh frxuvh ri wkh uhodwlrqvkls1
Fkdqjlqj xwlolw|  rzv ryhu wkh frxuvh ri d uhodwlrqvkls duh fdswxuhg e| gx0
udwlrq frh!flhqwv1 Ehfdxvh wkh frkdelwdwlrq gxudwlrq h>hfwv duh odujhu wkdq
wkh pduuldjh gxudwlrq h>hfwv/ wkh| lpso| wkdw wkh xwlolw|  rz suhplxp dvvrfl0
dwhg zlwk pduuldjh glvvlsdwhv dv wkh uhodwlrqvkls surjuhvvhv1 Iru h{dpsoh/ diwhu
6| h d u vr idu h o d w l r q v k l si r uw k h5 3| h d ur o g /z k l w hz r p d qg h v f u l e h gd e r y hk d v
d pduuldjh xwlolw|  rz suhplxp ri ￿fØfSe1 Vxfk d shuvrq zrxog suhihu wr qrz
64fkdqjh khu uhodwlrqvkls wr d frkdelwdwlrq li vkh frxog dyrlg glyrufh frvwv1 Rqh
pljkw eh frqfhuqhg zlwk wkh qhjdwlyh gxudwlrq h>hfw lq pduuldjh diwhu wzr |hduv
ehfdxvh lw lv qrw frqvlvwhqw zlwk rxu qrwlrqv ri uhodwlrqvkls lqyhvwphqw dqg lw
lpsolhv srvlwlyh gxudwlrq ghshqghqfh lq glyrufh kd}dugv1 Wkh qhjdwlyh h>hfw rq
uhodwlrqvkls lqyhvwphqw lv h{dfhuedwhg e| wkh idfw wkdw vrph lqyhvwphqw lq wklv
prgho lv rffxuulqj wkurxjk kdylqj fkloguhq1 Qrwh iurp Wdeoh 4 wkdw eluwk udwhv
duh vljql?fdqwo| kljkhu lq pduuldjhv wkdq lq frkdelwdwlrqv dqg wkdw fkloguhq gh0
fuhdvh xwlolw|  rzv dvvrfldwhg zlwk pduuldjhv1 Zh k|srwkhvl}h wkdw sduw ri wkh
h>hfw lv d 3krqh|prrq4 h>hfw wkdw lv glvvlsdwlqj diwhu wzr |hduv ri pduuldjh169
W k hs r v l w l y hv w u x f w x u d og x u d w l r qg h s h q g h q f hl qw k hg l y r u f hu d w hl vg r p l q d w h ge |
qhjdwlyh gxudwlrq ghshqghqfh eldv fdxvhg e| wkh h{lvwhqfh ri xqrevhuyhg khwhur0
jhqhlw| lq ydoxhv ri w fdxvhg e| yduldwlrq lq > dqg udqgrpqhvv lq w frqglwlrqdo
rq >1
:161 Whvw ri Hqgrjhqrxv Lqyhvwphqw
Xvlqj wkh Odjudqjh Pxowlsolhu whvw ghvfulehg lq htxdwlrq +91:,/ wkh w0vwdwlvwlf
iru wkh h{lvwhqfh ri hqgrjhqrxv lqyhvwphqw lv ￿￿ØDH1 Wklv vxjjhvwv wkdw shrsoh
zlwk kljk ydoxhv ri e w lqyhvw lq wkh uhodwlrqvkls dw d vorzhu udwh wkdq shrsoh zlwk
orz ydoxhv ri e w1 Vxfk d uhvxow lv lqfrqvlvwhqw zlwk hqgrjhqrxv lqyhvwphqw dqg lv
gl!fxow wr mxvwli| wkhruhwlfdoo|1 Srvvleo|/ wklv lv gxh wr wkh idfw wkdw e w lv fkdqjlqj
ryhu wkh uhodwlrqvkls/ dqg orz ydoxhv ri e w duh pruh frpprq hduo| lq d uhodwlrqvkls
wkdq odwhu +ehfdxvh frxsohv zlwk uhodwlyho| orz ydoxhv ri e w duh olnho| wr vhsdudwh,1
Li odujh dprxqwv ri uhodwlrqvkls0vshfl?f lqyhvwphqw rffxuv hduo| lq d uhodwlrqvkls/
wkhq wkh uhvxowlqj whvw vwdwlvwlf frxog rffxu1
:171 Iuhtxhqf| ri Uduh Hyhqwv
Vhfwlrq 916 surylghg d glvfxvvlrq ri kdqgolqj uduh hyhqwv1 Jlyhq rxu hvwlpdwhv/
lw lv zruwkzkloh h{sorulqj wkh iuhtxhqf| ri vxfk uduh hyhqwv1 Wkhuh duh dw ohdvw
wkuhh zd|v wr gh?qh d uduh hyhqw1 Zh fdq irfxv rq d sduwlfxodu fkrlfh pdgh
lq d sduwlfxodu shulrg dqg frqglwlrq rq d sduwlfxodu ydoxh ri > dqg d sduwlfxodu
uhsuhvhqwdwlyh shuvrq +dv ghvfulehg lq Vhfwlrq 917,1 Wkhq d uduh hyhqw rffxuv
zkhq lw lv qhfhvvdu| wr xvh wkh fruuhfwlrq ghvfulehg lq htxdwlrq +919, lq rughu wr
kdyh d srvlwlyh wudqvlwlrq suredelolw|1 Wkh ?uvw sdqho ri Wdeoh 6 vkrzv wkdw/ dw wkh
pd{lpxp olnholkrrg hvwlpdwhv/ wklv rffxuv uduho| iru vlqjoh dqg pduulhg shulrgv
69Uhphpehu wkdw gxudwlrq h>hfwv duh fhqvruhg dw 6 |hduv1
65dqg iuhtxhqwo| iru frkdelwlqj shulrgv1 Krzhyhu/ wkh uhvxowv lq wkh ?uvw sdqho
vhulrxvo| ryhuvwdwhv wkh iuhtxhqf| ri uduh hyhqwv ehfdxvh wkh uhsruwhg uduh hyhqwv
duh frqglwlrqhg rq ydoxhv ri > dqg uhsuhvhqwdwlyh shrsoh wkdw gr qrw fruuhvsrqg
wr wkh uhohydqw vdpsoh shuvrq1 Dv dq dowhuqdwlyh/ zh pljkw zdqw wr nqrz wkh
i u h t x h q f |r iu d u hv l q j o hs h u l r gh y h q w vr q f hz hl q w h j u d w hr y h u> dqg uhsuhvhqwdwlyh
shrsoh1 Wkh vhfrqg sdqho ri Wdeoh 6 vkrzv wkdw wklv rffxuv rqo| iru frkdelwlqj
shulrgv dqg wkhq rqo| ￿Ø￿.b( ri wkh wlph1 Wkxv/ uduh hyhqwv lq wkh gdwd +l1h1/
lqwhjudwhg ryhu > dqg uhsuhvhqwdwlyh shrsoh, duh txlwh uduh1 Ilqdoo|/ rqh pljkw
zdqw wr orrn dw wkh iuhtxhqf| ri 3uduh sdwkv14 D uduh sdwk zrxog eh d sdwk
zklfk lqfoxghv d uduh hyhqw iru hdfk ydoxh ri > dqg uhsuhvhqwdwlyh shrsoh vr wkdw/
hyhq diwhu lqwhjudwlrq/ wkh suredelolw| ri wkh sdwk zlwk wkh dgmxvwphqw ghvfulehg
lq htxdwlrq +919, vwloo zrxog eh }hur1 Wkh wklug sdqho ri Wdeoh 6 vkrzv wkdw
wklv rffxuv iru eØH.( ri wkh vdpsoh sdwkv lq wkh gdwd1 Ixuwkhu dqdo|vlv ri wkh
2bH sdwkv zlwk wklv sureohp vkrz wkdw wkh| lqyroyh sdwkv zlwk erwk shulrgv ri
frkdelwdwlrq dqg pduuldjh/ dqg/ frqglwlrqdo rq >/ hlwkhu wkh lqlwldo frkdelwlqj
shulrg/ wkh lqlwldo pduulhg shulrg/ ru erwk duh uduh hyhqwv1
:181 Vshfl?fdwlrq Whvwv
Jlyhq rxu hvwlpdwhv/ zh vlpxodwh d vdpsoh ri 73/333 lqglylgxdov dqg wkhq frpsduh
wkhlu ehkdylru wr wkdw revhuyhg lq wkh gdwd vdpsoh1 Uhvxowv ri wklv h{huflvh
d u hg l v s o d | h gl qI l j x u h v6d q g7 1 I l j x u h6g l v s o d | vw k hv l p x o d w h gd q gg d w d
vdpsoh sursruwlrqv ri zrphq lq hdfk ri wkh wkuhh vwdwhv dv d ixqfwlrq ri djh1
Zkloh zh pdwfk wkh vkdsh ri doo wkuhh fxuyhv uhdvrqdeo| zhoo/ zh v|vwhpdwlfdoo|
xqghusuhglfw wkh sursruwlrq ri shrsoh vlqjoh dqg v|vwhpdwlfdoo| ryhusuhglfw wkh
sursruwlrq ri shrsoh pduulhg +Sdqho F,1
Rqh jhwv d ehwwhu vhqvh ri zk| wklv rffxuv e| orrnlqj dw vlpxodwhg dqg gdwd
vdpsoh kd}dug udwhv1 Wkh kd}dug udwhv e| djh iru hdfk wudqvlwlrq duh suhvhqwhg
lq wkh vhsdudwh sdqhov ri Iljxuh 71 Sdqho D vkrzv vlpxodwhg dqg gdwd vdpsoh
kd}dug udwhv iurp vlqjoh wr frkdelwdwlrq1 Frpelqhg zlwk wkh lqirupdwlrq lq Sdqho
F/ wkh kd}dug udwhv iurp frkdelwdwlrq wr vlqjoh/ lw dsshduv wkdw zh gr d idluo| srru
ri suhglfwlqj pryhphqwv ehwzhhq vlqjoh dqg frkdelwdwlrq1 Wklv lv frqvlvwhqw zlwk
w k hg h y l d w l r q ve h w z h h qw k hv l p x o d w h gd q gg d w dv d p s o hf x u y h vl qI l j x u h6 1 Z h
shuirup srruo| khuh ehfdxvh wkhuh lv d shqdow| lq pd{lpxp olnholkrrg hvwlpdwlrq
dvvrfldwhg zlwk xqghusuhglfwlqj uduh hyhqwv dqg pryhphqwv ehwzhhq vlqjoh dqg
frkdelwdwlrq duh vrphzkdw uduh dqg gl!fxow wr suhglfw1 Pd{lpxp olnholkrrg
hvwlpdwlrq lv vhqvlwlyh wr wkh h{lvwhqfh ri uduh hyhqwv1 Wkxv wkh hvwlpdwhv ri wkh
66sdudphwhuv dvvrfldwhg zlwk pryhphqwv lq dqg rxw ri frkdelwdwlrq duh khdylo| lq0
 xhqfhg e| vxfk uduh hyhqwv1 Wklv sureohp pd| fdxvh xv wr ryhusuhglfw iuhtxhqf|
ri pryhphqwv ehwzhhq vlqjoh dqg frkdelwdwlrq1
Sdqho E vkrzv vlpxodwhg dqg gdwd vdpsoh kd}dug udwhv iurp vlqjoh wr pduulhg1
Zh ryhusuhglfw wkh lqfuhdvh lq pduuldjh udwhv dw djhv 4; wkurxjk 55/ dqg wklv
dovr khosv h{sodlq lq d odujh sduw ri wkh ghyldwlrqv ehwzhhq vlpxodwhg dqg gdwd
vdpsoh fxuyhv wkdw zhuh vkrzq lq Iljxuh 61 Diwhu derxw djh 57 wkh vlpxodwhg dqg
gdwd vdpsoh kd}dug udwhv duh idluo| frpsdudeoh1 Wkh wudqvlwlrq wr pduuldjh iurp
frkdelwdwlrq lq Sdqho G lv fdswxuhg uhodwlyho| zhoo e| wkh vlpxodwhg gdwd1 Ilqdoo|/
Sdqho H vkrzv wkh kd}dug ri pdulwdo glvvroxwlrq1 Ryhudoo/ zh suhglfw glyrufh udwhv
idluo| zhoo1 Lq idfw/ wkh vslnh lq wkh gdwd vdpsoh glyrufh udwhv dw djh 4: +zklfk
zh gr qrw suhglfw, lv suredeo| d vpdoo vdpsoh sureohp udwkhu wkdq d srsxodwlrq
skhqrphqrq1
Sduw ri zkdw lv kdsshqlqj khuh lv wkdw zh duh wu|lqj wr h{sodlq sduwlflsdwlrq
lq wkuhh w|shv ri vwdwhv zlwk mxvw rqh huuru frpsrqhqw1 Wklv zrunv uhdvrqdeo|
zhoo iru wzr ri wkh wkuhh vwdwhv/ exw ryhusuhglfwv pryhphqwv wr dqg iurp wkh
ohdvw frpprq vwdwh1 Lw lv vrphzkdw gl!fxow iru sdudphwhu ydoxhv wr dgmxvw wr
wklv ehfdxvh wkh| duh dgmxvwlqj iru pdq| hyhqwv dw rqfh1 Iru h{dpsoh/ lqfuhdvlqj
wkh frqvwdqw whup rq frkdelwdwlrq vhsdudwlrq frvwv zrxog uhgxfh suhglfwhg kd}dug
udwhv iurp frkdelwdwlrq wr vlqjoh1 Exw lw zrxog dovr uhgxfh wkh ydoxh ri frkdelwlqj
wkxv h{dfhuedwlqj wkh uduh hyhqw sureohp iru wklv vwdwh1 Wkhvh uhvxowv vxjjhvw
wkdw pd|eh wkhuh lv d vhfrqg huuru d>hfwlqj fkrlfh ri uhodwlrqvkls w|sh1 Vxfk
dq huuru frxog uhsuhvhqw krz shrsoh ihho derxw wkh lqvwlwxwlrq ri pduuldjh> l1h1/
vrph shrsoh zrxog qhyhu frqvlghu frkdelwlqj iru prudo uhdvrqv zkloh rwkhuv zrxog
qhyhu frqvlghu pduuldjh iru prudo uhdvrqv1 Vxfk dq huuru zrxog khos vljql?fdqwo|
lq h{sodlqlqj kd}dug udwhv dvvrfldwhg zlwk frkdelwdwlrq exw zrxog qrw eh lq wkh
vslulw ri wklv prgho1
Wr ehwwhu xqghuvwdqg zkhuh rxu prgho shuirupv zhoo dqg zkhuh lw shuirupv
srruo|/ zh dovr glvdjjuhjdwhg rxu gdwd lqwr jurxsv fruuhvsrqglqj wr uhsuhvhqwdwlyh
shrsoh +djjuhjdwhg ryhu ydoxhv ri >, dqg wkhq frpsduhg vlpxodwhg dqg vdpsoh
sursruwlrqv dqg kd}dug udwhv1 Prvw vxejurxsv shuiruphg dv zhoo ru ehwwhu wkdq
wkh djjuhjdwh xvlqj devroxwh ghyldwlrqv ehwzhhq vlpxodwhg dqg gdwd vdpsoh sur0
sruwlrqv dv d phdvxuh ri ?w1 Wdeoh 7 suhvhqwv wkh vxejurxsv wkdw uhtxluh vrph
pruh dwwhqwlrq dv zhoo dv wkh djjuhjudwh uhvxowv16: Hdfk hqwu| uhsruwv wkh gli0
ihuhqfh ehwzhhq vlpxodwhg dqg gdwd vdpsoh sursruwlrqv frqglwlrqdo rq djh iru
6:Vrph fhoov lq wkh wdeoh uhsuhvhqw djjuhjdwhg uhvxowv1 Wkh djjuhjdwlrq zdv grqh ryhu vxe0
jurxsv wkdw dsshduhg idluo| vlplodu1
67vlqjoh/ frkdelwlqj/ dqg pduuldjh uhvshfwlyho| Iru h{dpsoh/ iru 55 |hdu rog/ zklwh
Fdwkrolfv zlwk 45 |hduv ri hgxfdwlrq lq wkh plgzhvw/ zh xqghuhvwlpdwhg wkh sur0
sruwlrq vlqjoh e| 76( dqg ryhuhvwlpdwhg wkh sursruwlrq pduulhg e| 77(1 Wkh
?uvw wkuhh sureohp vxejurxsv h{klelw qr sduwlfxodu sdwwhuq1 Wkh irxuwk vxjjhvwv
wkdw zh pljkw zdqw wr dgg d Fdwkrolf2hgxfdwlrq lqwhudfwlrq whup1 Wkh qh{w
vxejurxs/ eodfn qrq0Fdwkrolfv zlwk ohvv wkdq 49 |hduv ri hgxfdwlrq +frpsduhg wr
eodfn qrq0Fdwkrolfv zlwk 49 |hduv ri hgxfdwlrq,/ vxjjhvwv wkdw zh pljkw zdqw wr
dgg d Eodfn2hgxfdwlrq lqwhudfwlrq whup16;
:191 Vlpxodwlrqv
Rqh fdq jhw d ehwwhu vhqvh ri wkh lpsolfdwlrqv ri wkh sdudphwhu hvwlpdwhv e|
vlpxodwlqj kd}dug udwhv ri lqwhuhvw iru d uhsuhvhqwdwlyh lqglylgxdo1 Zh frqgxfw d
vhulhv ri h{shulphqwv lq Iljxuh 816< Lq hdfk sdqho/ zh vlpxodwh 73/333 zklwh/ qrq0
Fdwkrolfv olylqj lq wkh qruwkhdvw zlwk 45 |hduv ri hgxfdwlrq zkr duh vlqjoh zlwkrxw
fkloguhq iurp djh 49 xqwlo 4<1 Wkh irxu xqpdunhg olqhv fruuhvsrqg wr kd}dug
udwhv iru shrsoh zlwk gl>huhqw ydoxhv ri >1 Wkh irxu jurxsv duh ￿￿Ø.￿2 Ł >/
f Ł > Ł￿ ￿Ø.￿2/ ￿Ø.￿2 Ł > Ł f/d q g> Ł ￿Ø.￿21 Wkhvh fxuyhv djjuhjdwh
ryhu gl>huhqw ydoxhv ri > lq wkh uhohydqw udqjh dqg gudzv ri w frqglwlrqdo rq
> xvlqj vxuylyru suredelolwlhv dv zhljkwv1 Wkh fxuyh pdunhg zlwk dq dvwhulvn
lv wkh djjuhjdwh kd}dug udwh1 Lw lv d zhljkwhg dyhudjh wdnlqj lqwr dffrxqw wkh
suredelolw| ri uhpdlqlqj vlqjoh frqglwlrqdo rq rqh*v gudz ri w1 Lq Sdqhov D dqg
E/ zh revhuyh wkh vlpxodwhg kd}dug udwhv iurp ehlqj vlqjoh lqwr frkdelwdwlrq dqg
pduuldjh iru shrsoh zkr duh vwloo vlqjoh dw 4<181 Lq Sdqho D/ wkh kljkhvw kd}dug
udwh dw prvw djhv fruuhvsrqgv wr ￿￿Ø.￿2 Ł >/d q gw k hq h { ww rf Ł > Ł￿ ￿Ø.￿21
Lq wkh djjuhjdwh/ shrsoh zlwk orz ydoxhv ri > uhfhlyh pruh zhljkw wkdq wkrvh
zlwk kljk ydoxhv ri > ehfdxvh shrsoh zlwk kljk ydoxhv kdyh orz vlqjoh vxuylyru
suredelolwlhv dw dq| sduwlfxodu djh1 Sdqho E surylghv kd}dug udwhv iurp vlqjoh
wr pduuldjh1 Wkh djjuhjdwh lv vlploduo| pdunhg dqg lv vwloo zhljkwhg e| vlqjoh
vxuylyru suredelolwlhv1 Wkh sdwwhuq ri wkh glvdjjuhjdwhg kd}dug udwhv lv uhyhuvhg/
orz ydoxhv ri > uhsuhvhqwhg rq wkh erwwrp dqg kljk ydoxhv rq wkh wrs1
Wkh kd}dug udwhv glvdjjuhjdwhg e| > duh frqvlvwhqw zlwk lqwxlwlrq= shrsoh zkr
ydoxh ehlqj lq uhodwlrqvklsv +odujh >, kdyh uhodwlyho| orz kd}dugv lqwr frkdelwdwlrq
dqg kljk kd}dugv lqwr pduuldjh1 Wkh djjuhjdwh kd}dugv glvsod| lqwhuhvwlqj irupv
6;Rqh qhhg qrw zruu| derxw lqwhudfwlrq zlwk Fdwkrolf ehfdxvh wkhuh duh yhu| ihz eodfn
Fdwkrolfv lq wkh vdpsoh1
6<Lw vkrxog eh qrwhg wkdw wkh yhuwlfdo vfdoh rq hdfk urz ri wkh ?jxuhv wkdw suhvhqw kd}dug
udwhv duh gl>huhqw1
68ri gxudwlrq ghshqghqfh eldv fdxvhg e| xqrevhuyhg khwhurjhqhlw|1 Rqh fdq revhuyh
gxudwlrq ghshqghqfh eldv e| qrwlqj wkh srvlwlrq ri wkh djjuhjdwh kd}dug fxuyh
uhodwlyh wr wkh irxu glvdjjuhjdwhg fxuyhv1 Wkh gxudwlrq ghshqghqfh eldv lq Sdqho
E lv qhjdwlyh ehfdxvh/ dw hduo| djhv/ wkh djjuhjdwh fxuyh lv forvh wr wkh dyhudjh
ri wkh irxu glvdjjuhjdwhg fxuyhv dqg/ dw odwhu djhv/ lv pxfk forvhu wr wkh fxuyhv
fruuhvsrqglqj wr orz ydoxhv ri >/ wkh shrsoh pduu|lqj dqg ohdylqj wkh vdpsoh
vorzo|1 Wkh gxudwlrq ghshqghqfh eldv lq Sdqho D lv srvlwlyh ehfdxvh/ dw hduo|
djhv/ wkh djjuhjdwh fxuyh lv djdlq forvh wr wkh dyhudjh ri wkh irxu glvdjjuhjdwhg
fxuyhv dqg/ dw odwhu djhv/ lv pxfk forvhu wr wkh fxuyhv fruuhvsrqglqj wr +djdlq,
orz ydoxhv ri >/ wkh shrsoh ohdylqj wkh vdpsoh vorzo|1
Sdqhov F dqg G surylgh kd}dug udwhv iurp frkdelwdwlrq wr vlqjoh dqg iurp
frkdelwdwlrq wr pduuldjh/ uhvshfwlyho|1 Zh frqglwlrq rq d shuvrq hqwhulqj d fr0
kdelwdwlrq dw djh 4<181 Wkh glvdjjuhjdwhg fxuyhv djjuhjdwh ryhu gl>huhqw ydoxhv
ri > lq wkh uhohydqw udqjh dqg gudzv ri w frqglwlrqdo rq > xvlqj dv zhljkwv wkh
suredelolw| ri uhpdlqlqj vlqjoh xqwlo 4</ hqwhulqj frkdelwdwlrq dw 4<18/ dqg uhpdlq0
lqj lq wkh frkdelwdwlrq xqwlo wkh jlyhq shulrg1 Wkh slfwxuhv vkrz wkdw d, prvw
frkdelwdwlrqv uhvxow lq vhsdudwlrq/ e, vrph frkdelwdwlrqv wxuq lqwr pduuldjhv/ f,
wkrvh wkdw gr/ gr vr txlfno|/ dqg g, vrph frkdelwdwlrqv odvw vljql?fdqwo| orqj eh0
iruh uhvxowlqj lq vhsdudwlrq1 Wkh kd}dugv lpso|/ iru h{dpsoh/ wkdw wkh djjuhjdwh
vxuylyru suredelolw| iru frkdelwdwlrq lv fØe2￿ dw djh 53/ fØ￿2￿ dw 54/ fØfD￿ dw 55/
fØffD dw 59/ dqg fØfff￿ dw 631
Sdqho H surylghv kd}dug udwhv iurp pduuldjh wr vlqjoh1 Zh frqglwlrq rq d
shuvrq hqwhulqj d frkdelwdwlrq dw djh 4<181 Wkh glvdjjuhjdwhg fxuyhv djjuhjdwh
ryhu gl>huhqw ydoxhv ri > lq wkh uhohydqw udqjh dqg gudzv ri w frqglwlrqdo rq >
xvlqj dv zhljkwv wkh suredelolw| ri uhpdlqlqj vlqjoh xqwlo 4</ hqwhulqj pduuldjh dw
4<18/ dqg uhpdlqlqj lq wkh pduuldjh xqwlo wkh jlyhq shulrg1 Wkh ?jxuh vkrzv wkdw
glyrufh udwhv gr qrw ydu| zlwk > dv pxfk dv wkh kd}dug udwhv lq vhyhudo ri wkh rwkhu
sdqhov1 Exw/ wr wkh h{whqw wkdw wkhuh lv yduldwlrq/ lw lv frqvlvwhqw zlwk lqwxlwlrq=
kljk > shrsoh kdyh orzhu glyrufh udwhv wkdq orz > shrsoh1 Ehfdxvh ri wkh orzhu
ghjuhh ri yduldwlrq/ wkhuh lv ohvv gxudwlrq ghshqghqfh eldv lq wkh djjuhjdwh fxuyh
wkdq lq wkrvh iru Sdqhov D dqg E1 Wkh kd}dugv lpso|/ iru h{dpsoh/ wkdw wkh
djjuhjdwh vxuylyru suredelolw| iru pduuldjh lv fØbHb dw djh 53/ fØHHD dw 54/ fØH￿H
dw 55/ fØSH2 dw 59/ dqg fØS￿￿ dw 631 Rqh vkrxog qrwh wkh vlplodulw| ri wkh djjuhjdwh
fxuyh lq wklv ?jxuh zlwk wkh glyrufh udwh lq Sdqho E ri Iljxuh 41 Iljxuh 4 fdq qrw
glvwlqjxlvk ehwzhhq qhjdwlyh gxudwlrq ghshqghqfh fdxvhg e| vwuxfwxudo h>hfwv
+h1j1/ ohduqlqj derxw w dqg gxudwlrq h>hfwv, dqg qhjdwlyh gxudwlrq ghshqghqfh
fdxvhg e| xqrevhuyhg khwhurjhqhlw|1
69Dv d ?qdo vlpxodwlrq zh frqvlghu wkh lpsdfw rq pdulwdo vwdelolw| ri vwduwlqj d
uhodwlrqvkls dv d qrqpdulwdo frkdelwdwlrq1 Dv glvfxvvhg lq rxu wkhruhwlfdo zrun
deryh/ rwkhu uhvhdufk kdv vkrzq d kljkhu kd}dug ri glyrufh iru pduuldjhv lq zklfk
wkh frxsoh olyhg wrjhwkhu sulru wr wkh irupdo pduuldjh1 Wr lqyhvwljdwh wklv lvvxh
hpslulfdoo|/ Iljxuh 9 vkrzv wkh kd}dug ri glyrufh iru wzr k|srwkhwlfdo jurxsv= rqh
zkr hqwhuhg d frkdelwdwlrq dw djh 4<18 dqg pduulhg 9 prqwkv odwhu dqg rqh zkr
hqwhuhg gluhfwo| lqwr pduuldjh1 Wkh vlpxodwlrq fohduo| vkrzv d kljkhu kd}dug ri
glyrufh dw doo djhv iru wkh jurxs wkdw kdg d sulru frkdelwdwlrq1
:1:1 Frpsdudwlyh G|qdplfv
Lq wklv vhfwlrq/ zh frqgxfw d qxpehu ri h{shulphqwv wr hydoxdwh srwhqwldo idplo|
srolflhv1 Wkh ?uvw h{shulphqw lv d orzhulqj ri wkh glyrufh frvw1 Wklv w|sh ri
h{shulphqw frxog khos hydoxdwh wkh fkdqjhv lq idplo| vwuxfwxuh wkdw pd| kdyh
rffxuuhg gxulqj wkh 4<:3*v dqg 4<;3*v zkhq wkhuh zdv d vxevwdqwldo uhod{dwlrq
lq glyrufh odzv +Iulhgehuj 4<<;, dqg vljql?fdqw fkdqjhv lq wkh pduuldjh shqdow|
dvvrfldwhg zlwk wkh X1V1 wd{ frgh +Zklwwlqjwrq dqg Dop 4<<:,1 Phfkdqlfdoo|/
wklv h{huflvh lv dffrpsolvkhg e| ghfuhdvlqj wkh sdudphwhu hvwlpdwh rq wkh frqvwdqw
whup lq wkh glyrufh frvw htxdwlrq e| 3141 Wr khos jdxjh lq prqhwdu| whupv d
sdudphwhu fkdqjh ri wklv vl}h/ zh uho| rq wzr sdshuv wkdw uhodwh pdulwdo vwdwxv
wudqvlwlrqv wr yduldeohv ghqrwhg lq grooduv1 Zklwwlqjwrq dqg Dop +4<<:, ?qg wkdw
wkh h>hfw ri d ’4333 lqfuhdvh lq wkh pduuldjh shqdow| rq wkh dqqxdo glyrufh udwh
lv 31337 +Wdeoh 5/ s 6<<, iru wkh dyhudjh shuvrq1 Wklv wudqvodwhv lqwr dq h>hfw ri
31438 xwlov zkhuh d xwlo lv wkh xqlw ri phdvxuh lq rxu prgho173 Lq d uhodwhg sdshu/
Dop dqg Zklwwlqjwrq +4<<<, ?qg wkdw wkh h>hfw ri d ’4333 lqfuhdvh lq wkh pduuldjh
shqdow| rq wkh dqqxdo pduuldjh udwh lv 031335 +Wdeoh 6, iru wkh dyhudjh shuvrq1
Wklv wudqvodwhv lqwr dq h>hfw ri 3135: xwlov1 Qrwh wkdw rxu prgho dqg prvw rwkhu
hfrqrplf prghov ri pduuldjh dqg glyrufh vxjjhvw wkdw wkhvh wzr qxpehuv vkrxog
eh wkh vdph pdjqlwxgh1 Wkxv/ iru rxu dqdo|vlv/ zh wdnh d jhrphwulf dyhudjh
ri wkhvh dqg dvvxph ’4333 lv zruwk 3138 xwlov> rxu h{shulphqw fruuhvsrqgv wr d
’5333 ghfuhdvh lq glyrufh frvwv1
Wkhuh duh wzr zd|v ri dqdo|}lqj wkh h>hfwv ri wklv h{shulphqw= hydoxdwlqj
fkdqjhv lq sursruwlrqv ri wkh srsxodwlrq lq hdfk vwdwh frqglwlrqdo rq djh ru hydo0
xdwlqj kd}dug udwhv frqglwlrqdo rq djh1 Wkh sursruwlrqv ri shrsoh lq hdfk vwdwh
lq wkh edvh fdvh duh vkrzq lq Iljxuh 61 Ghfuhdvlqj glyrufh frvwv fdxvh hvvhqwldoo|
qr fkdqjh lq wkh sursruwlrq fkrrvlqj wr eh vlqjoh dw dq| djh1 Frqvlvwhqw zlwk
73Vhh wkh Dsshqgl{ iru dq h{sodqdwlrq ri wklv wudqvirupdwlrq1
6:rqh*v h{shfwdwlrqv/ wkh h{shulphqw uhvxowv lq d ghfuhdvh lq wkh sursruwlrq ri lq0
glylgxdov fkrrvlqj wr uhvlgh lq d qrqpdulwdo frkdelwdwlrq dqg d voljkw lqfuhdvh lq
wkh sursruwlrq ri wkh vdpsoh wkdw fkrrvhv wr eh pduulhg1 Ryhudoo/ wkh lpsdfw ri
wklv srolf| fkdqjh dsshduv wr eh lq wkh dqwlflsdwhg gluhfwlrq exw idluo| vpdoo lq
vl}h1 Wkh fruuhvsrqglqj kd}dug udwhv duh suhvhqwhg lq wkh ?yh sdqhov ri Iljxuh
:1 Iru h{dpsoh/ wkh wrs ohiw sdqho +Sdqho D, ghslfwv wkh kd}dug rxw ri vlqjohkrrg
lqwr frkdelwdwlrq1 Wkhuh duh vhsdudwh olqhv iru hdfk srolf| vfhqdulr +edvh yv1
ghfuhdvhg glyrufh frvw,1 Wkh uhvxowv iru ohdylqj wkh vlqjoh vwdwh +Sdqhov D dqg
E, uhyhdo d voljkwo| kljkhu kd}dug lqwr pduuldjh dqg d voljkwo| orzhu kd}dug lqwr
frkdelwdwlrq zkhq wkhuh lv d ghfuhdvh lq wkh glyrufh frvw1 Wkh plggoh wzr sdqhov
vkrz wkh kd}dug rxw ri frkdelwdwlrq lq zklfk zh vhh d voljkw lqfuhdvh lq wkh kd}dug
iru wkrvh whuplqdwlqj wkh uhodwlrqvkls +h{lwlqj lqwr vlqjoh,1 Wkh erwwrp sdqho
vkrzv wkh h{shfwhg/ exw yhu| vpdoo/ lqfuhdvh lq wkh kd}dug ri glyrufh1
Wkh vhfrqg h{shulphqw zh frqvlghu lv rqh lq zklfk wkhuh lv dq lqfuhdvh lq wkh
lqfhqwlyhv wr pduu|1 Wklv pljkw lqfoxgh d ghfuhdvh lq wkh 3pduuldjh shqdow|4
ru/ pruh vlpso|/ vrph vruw ri pduuldjh fuhglw1 Zh rshudwlrqdol}h wklv h{shulphqw
e| lqfuhdvlqj wkh frqvwdqw whup lq wkh pduuldjh htxdwlrq e| 314> wklv lv djdlq
htxlydohqw wr d fuhglw ri ’5333 hdfk vl{ prqwkv1 Lq wklv h{shulphqw/ pruh shrsoh
fkrrvh wr pduu|/ dqg ihzhu shrsoh fkrrvh wr frkdelw1 Lq idfw/ zh revhuyh yluwxdoo|
qr frkdelwdwlrq diwhu wkh srolf| fkdqjh1 Iljxuh ; vkrzv wkh fruuhvsrqglqj kd}dug
udwhv wkdw duh uhohydqw iru hdfk ri wkh uhodwlrqvkls vwdwhv1 Wkh wrs wzr sdqhov
vkrz/ iru vlqjoh lqglylgxdov/ lqfuhdvhv dw doo djhv lq wkh kd}dug ri pduuldjh dqg
ghfuhdvhv lq wkh kd}dug ri frkdelwdwlrq1 Lqwhuhvwlqjo|/ dqg shukdsv frxqwhu wr
rqh*v h{shfwdwlrqv/ wkh plggoh wzr sdqhov vkrz prvw fohduo| dq lqfuhdvh lq wkh
kd}dug rxw ri frkdelwdwlrq lqwr vlqjohkrrg1 Wklv pd| eh/ lq sduw/ gxh wr wkh
uhodwlyho| vpdoo qxpehu ri lqglylgxdov suhglfwhg wr eh frkdelwlqj xqghu wklv srolf|
vfhqdulr1 Ilqdoo|/ wkh erwwrp sdqho surylghv idluo| pl{hg uhvxowv rq wkh kd}dug ri
glyrufh iru wklv h{shulphqw1
Wkh ?qdo h{shulphqw uhodwhv wr wkh ydoxh ri kdylqj fkloguhq1 Wklv h{shulphqw
lqfuhdvhv wkh xwlolw| dvvrfldwhg zlwk kdylqj d fklog e| 3138 uhjdugohvv ri wkhlu
uhodwlrqvkls vwdwxv1 Vxfk dq lqfuhdvh frxog rffxu e| lqfuhdvlqj wkh h{hpswlrq rq
fkloguhq lq wkh wd{ frgh e| ’4333 hdfk vl{ prqwkv1 Wkh uhvxowv iru wklv srolf|
h{shulphqw duh uhpdundeo| vlplodu wr wkh pduuldjh fuhglw h{shulphqw ghvfulehg
deryh1 Olnh zh kdg revhuyhg lq wkh pduuldjh fuhglw/ wkh fklog fuhglw uhvxowv lq d
odujh pryhphqw rxw ri frkdelwdwlrq dqg lqwr pduuldjh1 Rqh srvvleoh h{sodqdwlrq
iru wkh vlplodulw| ehwzhhq wkh h{shulphqwv pd| olh lq krz zh wuhdw wkh fklogehdulqj
surfhvv lq wkh prgho1 Edvhg rq wkh hvwlpdwhv suhvhqwhg lq Wdeoh 4/ zrphq kdyh d
6;vljql?fdqwo| kljkhu suredelolw| ri kdylqj d fklog zkhq pduulhg1 Wkh suhvhqfh ri
wkh fklog fuhglw pd| lqgxfh lqglylgxdov wr fkrrvh pduuldjh dqg wkh dffrpsdq|lqj
kljkhu suredelolw| ri kdylqj d fklog174
;1 Frqfoxvlrq
Wkh wkhruhwlfdo prgho suhvhqwhg lq wklv sdshu r>huv d frkhuhqw vwuxfwxuh lq zklfk
wr dqdo|}h uhodwlrqvkls fkrlfhv dqg wr khos xqghuvwdqg wkh odujh ghprjudsklf
fkdqjhv wkdw kdyh wdnhq sodfh lq uhfhqw ghfdghv1 Lw surylghv/ dprqj rwkhu wklqjv/
dq h{sodqdwlrq iru zk| lqglylgxdov fkrrvh wr olyh wrjhwkhu rxwvlgh ri d irupdo pdu0
uldjh/ zk| wkhvh w|shv ri uhodwlrqvklsv duh vkruwhu0olyhg/ dqg zk| pdq| qrqpdulwdo
frkdelwlqj uhodwlrqvklsv duh frqyhuwhg lqwr pduuldjhv1 Zkloh wkh lqirupdwlrq0
jdwkhulqj iudphzrun xqgrxewhgo| rqo| fdswxuhv sduw ri wkh uhdvrqv lqglylgxdov
fkrrvh wr irup dqg glvvroyh uhodwlrqvklsv/ wkh prgho dsshduv wr vdwlvidfwrulo| uhsol0
fdwh pdq| ri wkh vw|ol}hg idfwv vxuurxqglqj frkdelwdwlrq dqg pduuldjh ghflvlrqv1
Wkh prgho dovr khosv xv wr lqwhusuhw rwkhu hpslulfdo ?qglqjv vxfk dv wkdw pdu0
uldjhv ehjlqqlqj dv frkdelwdwlrqv duh ohvv vwdeoh wkdq wkrvh wkdw gr qrw1 Wkh
vwuxfwxudo sdudphwhuv ri wkh prgho zhuh hvwlpdwhg dqg kdyh doorzhg xv wr ixuwkhu
jdxjh wkh vxlwdelolw| ri wkh iudphzrun dqg wr frqgxfw d ydulhw| ri h{shulphqwv1
Wklv zrun vxjjhvwv d qxpehu ri dyhqxhv iru ixwxuh uhvhdufk1 Rqh reylrxv
vkruwfrplqj ri wkh suhvhqw iudphzrun lv wkh pdqqhu lq zklfk fklogehdulqj lv qrw
wuhdwhg dv d ixoo| hqgrjhqrxv ghflvlrq1 Dv glvfxvvhg deryh/ wkh ydulrxv ehkdylruv
zhuh prghohg lq wklv zd| sulpdulo| ehfdxvh ri wkh frpsxwdwlrq frvwv dvvrfldwhg
zlwk h{sdqglqj wkh vwdwh vsdfh lq dq douhdg| frpsoh{ prgho1 Wkh ghflvlrq wr kdyh
d fklog/ krzhyhu/ lv fohduo| lqwhuwzlqhg zlwk frkdelwdwlrq dqg pduuldjh ghflvlrqv
+Eulhq/ Oloodug/ dqg Zdlwh 4<<;, dqg dgydqfhv lq wkh qxphulfdo phwkrgv xvhg wr
vroyh dqg hvwlpdwh g|qdplf prghov duh qhhghg wr pdnh wklv sureohp wudfwdeoh1
Dqrwkhu lvvxh lv wkh uroh ri xqrevhuydeohv1 Iluvw/ wkhuh lv hylghqfh vxjjhvwlqj wkdw
wkhuh lv shuvrq0vshfl?f xqrevhuyhg khwhurjhqhlw| lq suhihuhqfhv iru frkdelwdwlrq1
Dgglqj dq xqrevhuydeoh frpsrqhqw wr fdswxuh wklv zrxog vljql?fdqwo| khos xv
h{sodlq pryhphqwv lq dqg rxw ri frkdelwdwlrq1 Vhfrqg/ rqh pljkw frqvlghu d
vrphzkdw gl>huhqw prgho/ qrw uho|lqj rq lqirupdwlrq jdwkhulqj/ zkhuh wkh txdolw|
ri wkh pdwfk/ w/ fkdqjhv ryhu wlph1 Lw lv zruwkzkloh wr ghulyh wkh lpsolfdwlrqv ri
vxfk d prgho dqg wr ghwhuplqh li lw lv lghqwl?hg iurp wkh prgho zh kdyh suhvhqwhg
khuh1
74Zh dovr shuiruphg dq h{shulphqw olplwlqj wkh xwlolw| lqfuhdvh iru fkloguhq wr pduulhg frxsohv
dqg irxqg qr vljql?fdqw gl>huhqfh lq ehkdylru1
6<D1 Whfkqlfdo Dsshqgl{
D141 Ed|hvldq Xsgdwlqj Uxoh iru e w_|
Lw lv qhfhvvdu| wr zulwh ￿ w_| uhfxuvlyho| lq whupv ri 0| dqg ￿ w_|3￿1 Htxdwlrq +615,
lv gl!fxow wr xvh iru wklv sxusrvh ehfdxvh wkh zhljkwv iru 0￿/ | Ł ￿ Ł | n￿￿ _|/
ydu| ryhu ￿1 Krzhyhu/ rqh fdq zulwh d vlpsoh/ uhfxuvlyh irupxod lq whupv ri d
qhzo| gh?qhg yduldeoh wkdw/ wrjhwkhu zlwk 0|/ ghwhuplqhv ￿ w_|1L q s d u w l f x o d u / g h ?qh
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73D151 H{lvwhqfh dqg Erxqghgqhvv Wkhruhp Surri
Surri1 +Wkhruhp 714,
Iru wklv surri/ zh vxssuhvv wkh iroorzlqj dujxphqwv ri wkh ydoxh dqg xwlolw|
 rz ixqfwlrqv iru euhylw| ri qrwdwlrq= S|/ _|/d q gf|1O h w
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D161 Uhvhuydwlrq Ydoxh Surriv
Iru wkh surriv lq wklv vhfwlrq/ zh vxssuhvv wkh iroorzlqj dujxphqwv ri wkh ydoxh
ixqfwlrqv iru euhylw| ri qrwdwlrq= S|/ _|/d q gf|1
Surri1 +Wkhruhp 715,
T|d￿c￿ce w_| E0|￿c0 |o lv ?qlwh1 Iurp Wkhruhp 714/ YT|￿ d7|￿o*Y0|￿ ’f li 6| ’￿ 1
Wkhq/ dovr e| Wkhruhp 714/ vlqfh YT|￿ d7|￿o*Y0|￿ Ł ￿ li 6| : ￿/ wkh uhvxow iroorzv1
Surri1 +Wkhruhp 716,
T|d￿c6 |3￿ce w_|c0 |o lv ?qlwh iru doo e w_| dqg 0|/d q gYT|d6|3￿c6 |3￿ce w_|c0 |o*Y0| Ł ￿1
Wkh uhvxow iroorzv1
Surri1 +Wkhruhpv 717 dqg 718,
Rqh fdq vkrz wkdw
T|W
k




2c6 |W3￿ce w_|Wc0 |W
l
’f
ehfdxvh s| E￿￿ ’ s| E2￿ dqg qr fkrlfhv fdq eh pdgh eh|rqg |W1 Dvvxph wkdw wkhuh
h{lvwv d | vxfk wkdw T|￿
k









+h{fhsw zkhq 6|￿3￿ ’￿ ,1 Wkhq
T|
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ET|n￿ d7|n￿o￿ m e w_|c0 |cS |
￿
Ø
Qrz rqh fdq frqvlghu doo srvvleoh ydoxhv ri 0|n￿ vxemhfw wr wkh frqglwlrq wkdw
T|
k




￿c6 |ce w_|n￿c0 |n￿
l
dqg vkrz wkdw/ iru hdfk ydoxh/ wkh
77uhohydqw sduw ri htxdwlrq +D1:, lv qrqqhjdwlyh dqg/ iru vrph sduwv/ lw lv qhjd0
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:q E(2 ￿ (￿￿n(￿ ￿ (2
’E (￿ ￿ (2￿E￿￿ q￿ : f
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Ohw 6| : ￿1 Wkhq/ e| htxdwlrq +61<,/
T|d6|c6 |3￿ce w_|c0 |o
























|n￿ E￿c6 |￿ m 7 w|c0 |
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T|d￿c6 |cfcfo m S|oc
dqg lwv sduwldo ghulydwlyh lv
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|n￿ E￿c6 |￿ m e w_|c0 |
￿
T|n￿d￿c6 |cfcfoØ +D143,


























+ w k hv h f r q gw h u pl qh t x d w l r q+ D 1 < ,f d q f h o vz l w kh t x d w l r q+ D 1 4 3 ,e |w k hg h ?qlwlrq
ri 0W
|n￿ E￿c6 |￿,1 Wkh lqwhjudqg lq htxdwlrq +D144, lv wkh vdph iru 6| ’2ru
6| ’￿ / exw/ vlqfh 0W
|n￿ E￿c￿￿ ￿0 W
|n￿ E￿c2￿/
YT|d￿c6 |3￿ce w_|c0 |o
Y0|
￿

























0|n￿ m e w_|c0 |
￿
_0|n￿ : fØ
E| d vlplodu dujxphqw/ zh fdq vkrz wkdw
YT|d￿c6 |3￿ce w_|c0 |o
Ye w_|
￿
YT|d2c6 |3￿ce w_|c0 |o
Ye w_|
: fØ
Wkhuhiruh/ vlqfh Ye w_|*Y0| : f zkhq _| ’￿ / wkh uhvxow iroorzv1
Surri1 +Wkhruhp 71;,
d, Wklv iroorzv iurp wkh idfw wkdw YT|d2c6 |3￿ce w_|c0 |o*Y0| lv erxqghg iurp
ehorz dqg deryh dqg wkdw YT|d￿c6 |3￿ce w_|c0 |o*Y0| ’f 1

















| E￿￿ ￿ s
￿
| E2￿￿ : f
e| dvvxpswlrq1 Wkhuh h{lvwv d 0WW
|W E￿c6 |W3￿￿ vxfk wkdw T|W
k





￿c6 |W3￿ce w_|Wc0 |W
l
;0|W :0 WW
|W E￿c6 |W3￿￿ dqg T|W
k




￿c6 |W3￿ce w_|Wc0 |W
l
;0|W ￿0 WW
|W E￿c6 |W3￿￿ e| wkh suhylrxv dujxphqwv derxw erxqghg vorshv1
Qrz dvvxph wkdw wkhuh lv vrph |￿ dqg 0WW
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m e w_|￿c0 |￿cS |￿oŁ
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|￿n￿ E￿c2￿ Ł 0W





Ł ￿1 Wkhuhiruh/ iru dq| 0|￿n￿ :0 WW
|￿n￿ E￿c2￿/ wkh djhqw zloo fkrrvh pduuldjh
zkhwkhu 6|￿3￿ zdv 2 ru ￿1 Wkhuhiruh/ wkh odvw lqwhjudo lq htxdwlrq +D145, lv
htxdo wr }hur1 Wkh lqwhjudqg ri wkh ?uvw lqwhjudo lv erxqghg iurp deryh ehfdxvh




zlwk uhvshfw wr 7 w|￿n￿ dqg 0|￿n￿ duh erxqghg iurp ehorz dqg deryh dqg Ł
￿
0|￿n￿ m e w_|￿c0 |￿
￿
7<lv ghfolqlqj idvwhu wkdq h{srqhqwldoo| dv 0|￿n￿ $￿ 4 1 Ohw wkh erxqg eh K1W k h q
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*Y0/w k h u hh { l v w vd0WW
|￿ E￿c6 |￿3￿￿
iru 6|￿3￿ ’￿ c21
Surri1 +Wkhruhp 71<,
Iurp Wkhruhp 717/ zh nqrz wkdw li s| E￿￿ ’ s| E2￿/w k h qT|
k





￿c6 |3￿ce w_|c0 |
l
dqg wkdw wkhuh h{lvwv 0WW
| E2c6 |3￿￿ vxfk wkdw T|
k





￿c6 |3￿ce w_|c0 |
l
iru doo 0| :0 WW
| E2c6 |3￿￿1 Zh dovr nqrz wkdw li s| E￿￿ :s | E2￿/
wkhuh lv vrph 0WW
| E2c6 |3￿￿ vxfk wkdw T|
k




￿c6 |3￿ce w_|c0 |
l
iru
doo 0| : 0WW
| E2c6 |3￿￿1
Wkh dujxphqwv lq sduw +e, ri wkh surri ri Wkhruhp 71; lpso| wkdw 0WW
| E￿c6 |3￿￿
lv d frqwlqxrxv ixqfwlrq ri {s| ’ s| E￿￿ ￿ s| E2￿/ dqg zh douhdg| vkrzhg wkdw
0WW
| E￿c6 |3￿￿’4 zkhq {s| ’f 1W k x v / i r u d q | (￿ ￿ (2 : f dqg dq|
0WW
| E￿c6 |3￿￿/ wkhuh zloo eh d srvlwlyh {s| vpdoo hqrxjk1 Vhw 0WW
| E2c6 |3￿￿’
0WW
| E￿c6 |3￿￿ dqg 0WW
| E2c6 |3￿￿ htxdo wr wkh ydoxh ri 0| zkhuh T|
k





￿c6 |3￿ce w_|c0 |
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D171 Pdulwdo Lqvwdelolw| Surriv
Iru wkh surriv lq wklv vhfwlrq/ zh vxssuhvv wkh iroorzlqj dujxphqwv ri wkh ydoxh
ixqfwlrqv iru euhylw| ri qrwdwlrq= S|/ _|/d q gf|1 Wkh iroorzlqj ohppd lv xvhg lq
wkh surri1
83Ohppd D141 Ohw E￿￿c￿2c￿￿￿
￿ ￿ ø dfclo zkhuh l￿& : f ; ￿c&175 Wkhq
Łhd￿￿ ￿k ￿￿ m k￿￿ ￿￿ ￿ ￿k ￿2ck 22 ￿￿ 2o : Łhd￿￿ ￿k ￿￿ m k￿2 ￿￿ ￿ck 22 ￿￿ 2o
dqg
Łhd￿￿ ￿k ￿￿ m k￿￿ ￿￿ ￿ ￿k ￿2o : Łhd￿￿ ￿k ￿￿ m k￿2 ￿￿ ￿o
Surri1
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k22
U "
3" Ł￿￿￿2 E￿￿ m ￿￿c￿2￿Ł2￿￿ E￿2 m ￿￿￿Ł￿ E￿￿￿_￿￿_￿2
’
U "
k22 x￿￿￿2 Ek￿￿ m ￿￿c￿2￿Ł2￿￿ E￿2 m ￿￿￿_￿2
U "
k22 Ł2￿￿ E￿2 m ￿￿￿_￿2
dqg
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x￿￿￿2Ek￿￿ m ￿￿c￿2￿ ￿ fc
vr ] "
k22
Ł2￿￿ E￿2 m ￿￿￿
U "
k22 Ł2￿￿ E￿2 m ￿￿￿_￿2
Y
Y￿￿
x￿￿￿2Ek￿￿ m ￿￿c￿2￿_￿2 ￿ fØ
75Qrwh wkdw +)4>)5>)6,
3 lv wrwdoo| xquhodwhg wr wkh ) yduldeohv lq Dsshqgl{ D141
84Zh fdq zulwh wkh vhfrqg whup dv76
] "
k22
x￿￿￿2 Ek￿￿ m ￿￿c￿2￿
Y
Y￿￿
Ł2￿￿ E￿2 m ￿￿￿
U "
k22 Ł2￿￿ E￿2 m ￿￿￿_￿2
_￿2
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dqg CWW E￿￿￿ lv lwv glvwulexwlrq1 Lw lv fohdu wkdw CW E￿￿￿ :C WW E￿￿￿/d q gz hk d y hd o 0
uhdg| vkrzq wkdw M￿ E￿￿￿ ￿ f1 Wkxv/ wkh uhvxow iroorzv e| surshuwlhv ri vwrfkdvwlf
grplqdqfh1 Wkh vhfrqg frqglwlrq iroorzv e| vhwwlqj k22 ’ ￿41
Surri1 +Wkhruhp 7144,
Vwhs4= Vkrz wkdw ￿ ￿| E&c￿￿ : ￿ ￿| E& ￿ ￿c￿￿ ; &:￿1
Xvlqj wkh qrwdwlrq iurp Ohppd D14/ ohw ￿￿3r ’ 0|3rcr’ & ￿ ￿c&c&n￿ 1O h w
k￿￿ ’ 0W
| E￿c￿￿/ k￿￿ ’ 0W
|32 E2c￿￿/ k￿2 ’ 0WW
|32 E2c￿￿/ k22 ’ 0WW
|3￿ E2c￿￿1 Wkh frqglwlrq
wkdw doo wkh fryduldqfhv duh srvlwlyh lv vdwlv?hg ehfdxvh wkh wzr zd|v lq zklfk
hduo| huuruv d>hfw odwhu huuruv lv wkurxjk srvlwlyh vhuldo fruuhodwlrq dqg wkurxjk
xsgdwhv ri w1 Wkxv wkh uhvxow iroorzv1
Vwhs5= Wkh wkhruhp iroorzv iurp lqgxfwlrq rq wkh suhylrxv vwhs1
Surri1 +Wkhruhp 7145,
Wkhuh duh wzr gl>huhqfhv ehwzhhq frkdelwdwlrq dqg pduuldjh= d, 0W
| E2c￿￿ ￿
0W
| E￿c￿￿ +e| Wkhruhp 71:, dqg e, 0W
| E￿c2￿ :0 W
| E￿c￿￿ +e| Wkhruhp 719,1 Frqglwlrq
+d, dqg Ohppd D14 dorqh zrxog lpso| wkh uhvxow1 Frqglwlrq +e, zrxog dovr lpso|
wkh uhvxow1 Wkh wzr wrjhwkhu vwuhqjwkhq hdfk rwkhu1
Surri1 +Wkhruhp 7146,
Iru wklv surri/ zh vxssuhvv wkh iroorzlqj dujxphqwv ri wkh ydoxh ixqfwlrqv iru
euhylw| ri qrwdwlrq= S| dqg f|1
d, Ohw ￿ W
￿￿ E| n rc|￿ eh wkh suredelolw| wkdw d ?uvw glyrufh rffxuv dw | n r
frqglwlrqdo rq ehlqj pduulhg dw |=
￿
W
￿￿ E| n rc|￿’￿|nr d￿ m ￿c_ |nroÆ
r3￿
o’f￿|no d￿ m ￿c_ |nroc
dqg ohw ￿WW
& E| n rc|￿ eh wkh suredelolw| wkdw wkh &|ß uhpduuldjh rffxuv dw | n r
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& E| n r n oc| n r￿￿
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￿ E￿ n | n rc| n r n o￿
iru doo r dqg ￿1 Exw jlyhq rxu dvvxpswlrq derxw qr djh dqg fkloguhq h>hfwv/
￿ WW
& E| n oc|￿’￿WW
& E| n r n oc| n r￿ dqg ￿ W
￿￿E￿ n |c| n o￿’￿W
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e, Li 6* 5 8 E6|3￿￿/w k h q￿| d6 m 6|3￿c_ |o’flqghshqghqw ri s6/v rY￿| d6 m 6|3￿c_ |o*Ys6 ’
f1 Frqvlghu wkh fdvh zkhuh 6 5 8 E6|3￿￿/d q go h w6￿ 5 8 E6|3￿￿1O h w￿WWW
6 E| n rc|￿
eh wkh suredelolw| wkdw rqh lv lq vwdwh 6 dw wlph |nr frqglwlrqdo rq kdylqj ehhq lq
87vwdwh 6 dw wlph | +srvvleo| zlwk wudqvlwlrqv lq ehwzhhq,/ dqg ￿W
6￿6 E| n rc|￿ eh wkh
suredelolw| wkdw wkh ?uvw wudqvlwlrq lqwr vwdwh 6 rffxuv dw wlph | n r frqglwlrqdo
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88Wkh ?uvw whup lv dozd|v srvlwlyh ehfdxvh ￿ ￿
S|W3￿3|
o’￿ ￿ W
6￿6 E| n oc|￿q
o : ￿ ￿ S|W3￿3|
o’￿ ￿ W
6￿6 E| n oc|￿ : f1 Wkh odvw whup lv srvlwlyh1 Wkh plggoh whup lv
sursruwlrqdo wr wkh gl>huhqfh ehwzhhq ￿ WWW
6 E|Wc|￿ dqg wkh suredelolw| wkdw wkh
djhqw zloo eh lq vwdwh 6 dw |W frqglwlrqdo rq ehlqj lq vwdwh 6￿ dw | zklfk fdq qrw







xqlirupo| dv |W￿| $4 1 Qrwh= wklv txdol?fdwlrq rffxuv rqo| ehfdxvh |WW￿|W : f
z k l f kl vw k hs d u w l f x o d uz d |z hh q go l y h vl qw k l vp r g h o 1
Surri1 +Wkhruhp 7147,
Vwhs4= Ghulyh wkh ixqfwlrqdo ghvfulelqj krz wkh glvwulexwlrq ri 0| lv
fkdqjlqj ryhu wlph1
F r q v l g h uw k hf d v hz k h u h_| Ł ￿_>d wv x f kds r l q w /w k h u hl vq rp r u ho h d u q l q j
derxw w1 Wkhuhiruh/ 0W
| E￿c￿￿ lv qrw fkdqjlqj zlwk _| ru | +fdoo wklv ohyho 0W
"E￿c￿￿,1
Frqvlghu wkh glvwulexwlrq ri 0| frqglwlrqdo rq rwkhu +?{hg, vwdwh yduldeohv +dqg
h{solflwo| rq ￿ w,=
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+wkh glvwulexwlrq lv wuxqfdwhg dw 0W
" E￿c￿￿ e h f d x v hd q | r q hz l w k0|3￿ ￿0 W
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glyrufhv,1 Xvlqj lqwhjudwlrq e| sduwv +dqg gh?qlqj [W
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zklfk lv wkh +frqwudfwlrq pdsslqj, frqglwlrq qhfhvvdu| iru wkh h{lvwhqfh ri d
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k
% m ￿ w
l








% m ￿ w
l
1
Vwhs 6= Vkrz wkdw _[W
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k
0|3￿ m ￿ w
l
*Y0|3￿ ryhu 0|3￿ zklfk
lv qhjdwlyh/ vr lw lv qhjdwlyh +wlphv d qhjdwlyh,1 Li ￿?u
Y[Wd0|3￿￿7 wo
Y￿ w Ł f/w k h q
8;￿?u
Y[Wd%￿7 wo
Y￿ w : f177 Vlqfh wkhuh lv d xqltxh vroxwlrq wr [W
k
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77Wkh dujxphqw wkdw lv ehlqj pdgh khuh frqmhfwxuhv d surshuw| ri htxloleulxp/
lqi
C￿œ^%w￿4m￿ º‘
Ca º Ł 3/ dqg vkrzv wkdw lw lpsolhv lqi
C￿œ^{m￿ º‘
Ca º A 31 Vlqfh wkh frqwudfwlrq pdsslqj
dujxphqw lpsolhv d xqltxh htxloleulxp/ wkh uhvxow iroorzv1
8<￿ f
dqg Y0W
"E￿c￿￿*Y￿ w￿f +ehfdxvh YT|d6|c￿cS |c￿c￿ wE0|￿c0 |cf |o*Y￿ w:f/d qd j h q wl v
zloolqj wr wrohudwh zruvh 0*v dv ￿ w lqfuhdvhv,1 Wkxv/ _[W
k






"E￿c￿￿ m ￿ w
l
*_￿ w:f1
Vwhs 7= Xvh wkh h>hfw ri xqrevhuyhg khwhurjhqhlw| rq gxudwlrq gh0
shqghqfh wr suryh wkh uhvxow1
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% m ￿ w
l
lv frqyhujlqj wr [W
k
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lv ghfuhdvlqj lq | +vkliwlqj wrzdug odujhu ydoxhv ri
93￿ w,/ [W
| d%o lv lqfuhdvlqj lq |1 Wkh suredelolw| ri glyrufh lv wkhq [| d0W
" E￿c￿￿o zklfk
lv ghfolqlqj lq |1
D181 Qxphulfdo Phwkrgv iru Hydoxdwlqj wkh Ydoxh Ixqfwlrqv
e w_| dqg 0| duh frqwlqxrxv vwdwh yduldeohv1 Frqvlghu wkh fdvh zkhq 6| : ￿ dqg
_| ￿ 7 |_ +doo rwkhu fdvhv duh vlpsohu yhuvlrqv ri wkh vdph phwkrg,1 Zh vxssuhvv
f|n￿ iurp xwlolw|  rz dqg ydoxh ixqfwlrqv iru qrwdwlrq euhylw|1 Zkhq hydoxdwlqj
T| d7|o/ .
q

























































￿|n￿c￿c_ |n￿ce w_|n￿c0 |n￿
￿
lv wkh yhfwru ri vwdwh
yduldeohv frqglwlrqdo rq d eluwk/ 7f
|n￿ ’
￿
6|n￿c6 |cS |cS W
2|n￿c_ |n￿ce w_|n￿c0 |n￿
￿
lv wkh
yhfwru ri vwdwh yduldeohv frqglwlrqdo rq qr eluwk/ SW
￿|n￿/ SW
2|n￿/d q g_|n￿ pryh dffrug0
lqj wr htxdwlrqv +61;, dqg +61:, uhvshfwlyho|/ dqg e w_|n￿ lv jlyhq e| htxdwlrq +615,1
Qrwh wkdw/ ehfdxvh e w_|n￿ lv ghwhuplqhg rqfh 0|n￿ lv jlyhq/ wkhuh lv hvvhqwldoo| rqo|
rqh frqwlqxrxv vwdwh yduldeoh wr lqwhjudwh ryhu1 Wkh lqwhjudo lq htxdwlrq +D14;,































6|n￿c￿c￿c￿c￿ce w_|n￿ E0|n￿￿c0 |n￿
l
Ø +D153,

















E￿ ￿ 4￿e w_| n 40| n #|n￿
l
_#|n￿ +D154,
































￿’￿ duh g0srlqw Jdxvvldq txdgudwxuh zhljkwv dqg srlqwv1 Exw/ vlqfh
M d￿o zdv qrw hydoxdwhg dw E￿ ￿ 4￿e w_|n40|n
s
2j#i￿/ lw pxvw eh lqwhusrodwhg1 Ohw
￿ w ’
￿
￿ w￿c￿ w2cØØc￿ wg
￿
dqg ￿ 0 ’E ￿ 0￿c￿ 02cØØc￿ 0g￿ eh d julg ri g2 +Jdxvvldq txdgudwxuh,
srlqwv dw zklfk wr hydoxdwh T| d7|n￿o1O h w +￿ ’E ￿ ￿ 4￿e w_| n 40| n
s
2j#i￿ ru








i￿ +ghshqglqj rq wkh fdvh, dqg 5￿ ’ e w_|n￿ E+￿￿1W k h qh d f k


































m￿ 0,￿ ￿ +￿m
1 c +D158,
zkhuh &￿ ’d ￿o li & ’d ￿on￿dqg &￿ ’d ￿on￿li & ’d ￿o +dqg ,￿ kdv d vlplodu
gh?qlwlrq,/ dqg 2 Ł 1:￿1Q r w h w k d w -d￿c￿o lv frqwlqxrxv dqg gl>huhqwldeoh
dw vhdpv +zkhuh ￿ w& ’ 5￿ ru ￿ 0, ’ +￿,1 D sureohp lv wkdw wkh ghulydwlyh ri ßd+￿o
dw vhdpv lv }hur1 D zd| wr dyrlg wklv lv wr vhw 1 ’￿ 1W k h u h l v q r z d | w r k d y h
qrq}hur ghulydwlyhv wkdw duh frqwlqxrxv dw vhdpv zkhq rqo| 7 srlqwv duh xvhg wr
hydoxdwh ßd+￿o1
D191 Wudqviruplqj Zklwwlqjwrq dqg Dop Hvwlpdwhv lqwr Xwlov
Wklv dsshqgl{ vkrzv krz wr fdoleudwh rxu xwlov lqwr grooduv xvlqj wkh hvwlpdwhv
iurp Zklwwlqjwrq dqg Dop +4<<:, dqg Dop dqg Zklwwlqjwrq +4<<<, rq wkh h>hfwv
ri wkh pduuldjh shqdow| rq glyrufh dqg pduuldjh udwhv/ uhvshfwlyho|1 Zklwwlqjwrq
dqg Dop +4<<:, kdyh d vwdqgdug orjlw htxdwlrq zklfk zh uhsuhvhqw dv
+
W ’ fqn ￿ +D159,
95zkhuh ￿ lv orjlvwlfdoo| glvwulexwhg1 Wkh| uhsruw lq wkhlu Wdeoh 5 uhvxowv lq




￿e q/z k h u h￿ lv wkh phdq ri wkh ghshqghqw yduldeoh1 Wkh h>hfw ri d ’4333
lqfuhdvh lq wkh pduuldjh shqdow| rq wkh suredelolw| ri glyrufh lv fØffe1J l y h q
wkdw ￿ ’f Øfe/ wklv lpsolhv d orjlw frh!flhqw ri e q ’ Ø￿fe1 Zklwwlqjwrq dqg Dop*v
+4<<:, wlph xqlw lv d |hdu/ zkloh rxuv lv d kdoi0|hdu1 Vr/ dvvxplqj htxdwlrq +D159,
dssolhv wr kdoi0|hdu gdwd/ gh?qh wkh suredelolw| ri glyrufh lq wzr kdoi0|hduv dv







Wkhq/ jhqhudol}lqj wkh dssur{lpdwlrq lq Dphpl|d +4<;4,/
Y
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￿ ￿ E￿ ￿ ￿_￿
2œ
*Yf lv Zklwwlqjwrq dqg Dop*v uhsruwhg hvwlpdwh ri fØffe1










Qrwh wkdw fkdqjlqj wkh wlph xqlw kdv yhu| olwwoh h>hfw rq e q1








^4‘ Dnhuori/ Jhrujh1 D1/ Mdqhw O1 \hoohq/ dqg Plfkdho O1 Ndw} +4<<9,1 3Dq Dqdo|0
vlv ri Rxw0ri0Zhgorfn Fklogehdulqj lq wkh Xqlwhg Vwdwhv14 Txduwhuo| Mrxuqdo
ri Hfrqrplfv1 94+5,= 5::064:1
^5‘ Dop/ Mdphv dqg Ohvolh Zklwwlqjwrq +4<<<,1 3I r uO r y hr uP r q h | B W k h
Lpsdfw ri Lqfrph Wd{hv rq Pduuldjh14 Hfrqrplfd1i r u w k f r p l q j 1
96^6‘ Dphpl|d/ Wdnhvkl +4<;4,1 3Txdolwdwlyh Uhvsrqvh Prghov= D Vxuyh|14 Mrxu0
qdo ri Hfrqrplf Olwhudwxuh1 4<+7,= 47;6048691
^7‘ Ehfnhu/ Jdu| V1 +4<:6,1 3D Wkhru| ri Pduuldjh= Sduw L14 Mrxuqdo ri Srolwlfdo
Hfrqrp|1 ;4+7,= ;460;791
^8‘ Ehfnhu/ Jdu| V1 +4<<4,1 D Wuhdwlvh rq wkh Idplo|1 Fdpeulgjh/ PD= Kduydug
Xqlyhuvlw| Suhvv1
^9‘ Ehfnhu/ Jdu| V1/ Holvdehwk P1 Odqghv/ dqg Urehuw W1 Plfkdho +4<::,1 3Dq
Hfrqrplf Dqdo|vlv ri Pdulwdo Lqvwdelolw|14 Mrxuqdo ri Srolwlfdo Hfrqrp|1
;8+9,= 4474044;:1
^:‘ Ehqqhww/ Qhlo J1/ D1 N1 Eodqf/ dqg Gdylg H1 Eorrp +4<;;,1 3Frpplwphqw
dqg wkh Prghuq Xqlrq= Dvvhvvlqj wkh Olqn Ehwzhhq Suhpdulwdo Frkdelwdwlrq
dqg Vxevhtxhqw Pdulwdo Vwdelolw|14 Dphulfdq Vrflrorjlfdo Uhylhz1 86= 45:0
46;1
^;‘ Ehqqhqww/ Qhlo J1/ Gdylg H1 Eorrp/ dqg F|qwkld N1 Ploohu +4<<8, 3Wkh
Lq xhqfh ri Qrqpdulwdo Fklogehdulqj rq wkh Irupdwlrq ri Iluvw Pduuldjhv14
Ghprjudsk|1 65= 7:0951
^ < ‘E u l h q /P l f k d h oM 1+ 4 < < : ,3Udfldo Gl>huhqfhv lq Pduuldjh dqg wkh Uroh ri
Pduuldjh Pdunhwv14 Mrxuqdo ri Kxpdq Uhvrxufhv1 65= :740::;1
^43‘ Eulhq/ Plfkdho M1/ Ohh D1 Oloodug/ dqg Vwhyhq Vwhuq +4<<:,1 3Qrwhv rq Fr0
kdelwdwlrq Prgho14 Xqsxeolvkhg pdqxvfulsw1
^44‘ Eulhq/ Plfkdho M1/ Ohh D1 Oloodug/ dqg Olqgd M1 Zdlwh +4<<;,1 3Lqwhuuhodwhg
Idplo| Exloglqj Ehkdylruv= Frkdelwdwlrq/ Pduuldjh/ dqg Qrq0pdulwdo Ihuwlo0
lw|14 Xqsxeolvkhg pdqxvfulsw1
^45‘ Expsdvv/ Oduu| O1/ dqg Mdphv D1 Vzhhw +4<;<,1 3Qdwlrqdo Hvwlpdwhv ri Fr0
kdelwdwlrq14 Ghprjudsk| 59+7,= 94809581
^46‘ Expsdvv/ Oduu| O1/ Mdphv D1 Vzhhw dqg Dqguhz M1 Fkhuolq +4<<4,1 3Wkh
Uroh ri Frkdelwdwlrq lq Ghfolqlqj Udwhv ri Pduuldjh14 Mrxuqdo ri Pduuldjh
dqg wkh Idplo|1 86+7,= <460<5:1
^47‘ Fkhuolq/ Dqguhz M1 +4<<5,1 Pduuldjh/ Glyrufh/ dqg Uhpduuldjh1F d p e u l g j h /
PD= Kduydug Xqlyhuvlw| Suhvv1
97^48‘ Gdjvyln/ Mrkq/ Er|dq Mrydqrylf/ dqg Dqguhd Vkhsdug +4<;8,1 3DI r x q g d w l r q
iru Wkuhh Srsxodu Dvvxpswlrqv lq Mre0pdwfklqj Prghov14 Mrxuqdo ri Oderu
Hfrqrplfv 6+7,= 73607531
^49‘ GhPdulv/ D1 dqg N1 Y1 Udr +4<<5,1 3Suhpdulwdo Frkdelwdwlrq dqg Vxevhtxhqw
Pdulwdo Vwdelolw| lq wkh Xqlwhg Vwdwhv= D Uhdvvhvvphqw14 Mrxuqdo ri Pduuldjh
dqg wkh Idplo|1 87= 4:;04<31
^4:‘ Guhzldqnd/ Vfrww G1 +4<<;,1 3Frpplwphqw dqg Uhodwlrqvkls0Vshfl?fL q y h v w 0
phqwv= Idplo| Vwuxfwxuh14 Xqsxeolvkhg pdqxvfulsw1
^4;‘ Hfnvwhlq/ ]yl dqg Nhqqhwk L1 Zroslq +4<<8,1 3Gxudwlrq wr Iluvw Mre dqg wkh
Uhwxuq wr Vfkrrolqj= Hvwlpdwhv iurp d Vhdufk0Pdwfklqj Prgho14 Uhylhz ri
Hfrqrplf Vwxglhv1 95+5,= 59605;91
^4<‘ Hqjhuv/ Pd{lp dqg Vwhyhq Vwhuq +4<<9,1 3Orqj0whup Fduh dqg Idplo| Edu0
jdlqlqj14 Xqsxeolvkhg pdqxvfulsw1
^53‘ Iulhgehuj/ Ohrud +4<<;,1 3Glg Xqlodwhudo Glyrufh Udlvh Glyrufh UdwhvB Hy0
lghqfh iurp Sdqho Gdwd14 Dphulfdq Hfrqrplf Uhylhz1 ;;+6,= 93;095:1
^54‘ Jhzhnh/ Mrkq +4<<4,1 3H!flhqw Vlpxodwlrq iurp wkh Pxowlyduldwh Qrupdo dqg
Vwxghqw0w Glvwulexwlrqv Vxemhfw wr Olqhdu Frqvwudlqwv14 Frpsxwhu Vflhqfh
dqg Vwdwlvwlfv= Surfhhglqjv ri wkh Wzhqw|0Wklug V|psrvlxp rq wkh Lqwhuidfh1
8:408:;1
^55‘ Kdmlydvvlolrx/ Ydvvlolv +4<<3,1 3Vprrwk Vlpxodwlrq Hvwlpdwlrq ri Sdqho Gdwd
OGY Prghov14 Xqsxeolvkhg pdqxvfulsw1
^56‘ Kdqvrq/ Wkrpdv O1/ Luzlq Jdu?qnho/ Vdud V1 PfOdqdkdq/ dqg F|qwkld N1
Ploohu +4<<9,1 3Wuhqgv lq Fklog Vxssruw Rxwfrphv14 Ghprjudsk|1 66+7,= 7;60
7<91
^57‘ Kduulv/ Plowrq dqg \rudp Zhlvv +4<;7,1 3Mre Pdwfklqj zlwk Ilqlwh Krul}rq
dqg Ulvn Dyhuvlrq14 Mrxuqdo ri Srolwlfdo Hfrqrp|1 <5+7,= :8;0::<1
^58‘ Mrydqrylf/ Er|dq +4<:<,1 3Mre Pdwfklqj dqg wkh Wkhru| ri Wxuqryhu14 Mrxu0
qdo ri Srolwlfdo Hfrqrp|1 ;:+8/ sw1 4,= <:50<<31
^59‘ Nhdqh/ Plfkdho +4<<7,1 3D Frpsxwdwlrqdoo| Sudfwlfdo Vlpxodwlrq Hvwlpdwru
iru Sdqho Gdwd14 Hfrqrphwulfd1 95+4,= <804491
98^5:‘ Nhdqh/ Plfkdho dqg Nhqqhwk Zroslq +4<<7,1 3Wkh Vroxwlrq dqg Hvwlpdwlrq
ri Glvfuhwh Fkrlfh G|qdplf Surjudpplqj Prghov e| Vlpxodwlrq dqg Lqwhu0
srodwlrq= Prqwh Fduor Hylghqfh14 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv1 :9+7,=
97;09:51
^5;‘ Odxpdqq/ Hgzdug R1/ Mrkq K1 Jdjqrq/ Urehuw W1 Plfkdho/ dqg Vwxduw
Plfkdhov +4<<7,1 Wkh Vrfldo Rujdql}dwlrq ri Vh{xdolw|= Vh{xdo Sudfwlfhv lq
wkh Xqlwhg Vwdwhv1 Fklfdjr/ LO= Wkh Xqlyhuvlw| ri Fklfdjr Suhvv1
^5<‘ Oloodug/ Ohh D1/ Plfkdho M1 Eulhq/ dqg Olqgd/ M1 Zdlwh +4<<8,1 3Suh0
Pdulwdo Frkdelwdwlrq dqg Vxevhtxhqw Pdulwdo Glvvroxwlrq= D Pdwwhu ri Vhoi0
VhohfwlrqB4 Ghprjudsk|1 65+6,= 76:078;1
^63‘ Pdqvnl/ Fkduohv I1 dqg Vwhyhq U1 Ohupdq +4<::,1 3Wkh Hvwlpdwlrq ri Fkrlfh
Suredelolwlhv iurp Fkrlfh Edvhg Vdpsohv4 Hfrqrphwulfd1 78+;,= 4<::04<;;1
^64‘ PfIdgghq/ Gdqlho +4<;<,1 3DP h w k r gr iV l p x o d w h gP r p h q w vi r uH v w l p d w l r q
ri Glvfuhwh Uhvsrqvh Prghov zlwkrxw Qxphulfdo Lqwhjudwlrq14 Hfrqrphwulfd1
8:+8,= <<8043591
^65‘ Plfkdho/ Urehuw W1 dqg Qdqf| E1 Wxpd +4<;8, 3Hqwu| lqwr Pduuldjh dqg Sdu0
hqwkrrg e| \rxqj Phq dqg Zrphq= Wkh Lq xhqfh ri Idplo| Edfnjurxqg14
Ghprjudsk|1 55+7,= 84808771
^66‘ Plojurp/ Sdxo U1 dqg Urehuw M1 Zhehu +4<;5,1 3D Wkhru| ri Dxfwlrqv dqg
Frpshwhwlyh Elgglqj14 Hfrqrphwulfd1 83+8,= 43;<044551
^67‘ Ploohu/ Urehuw D1 +4<;7, 3Mre Pdwfklqj dqg Rffxsdwlrqdo Fkrlfh14 Mrxuqdo
ri Srolwlfdo Hfrqrp|1 <5+9,= 43;9044531
^68‘ Pruwhqvhq/ Gdoh W1 +4<;;, 3Pdwfklqj= Ilqglqj d Sduwqhu iru Olih ru Rwkhu0
zlvh14 Dphulfdq Mrxuqdo ri Vrflrorj|1 <7= V5480V5731
^69‘ R*Iodkhuw|/ Euhqgdq dqg Dor|vlxv Vlrz +4<<5,1 3Rq wkh Mre Vfuhhqlqj/ Xs
ru Rxw Uxohv/ dqg Ilup Jurzwk14 Fdqdgldq Mrxuqdo ri Hfrqrplfv1 58+5,=
679069;1
^6:‘ Sdnhv/ Dulho1 +4<;9,1 3Sdwhqwv dv Rswlrqv= Vrph Hvwlpdwhv ri wkh Ydoxh ri
Kroglqj Hxurshdq Sdwhqw Vwrfnv14 Hfrqrphwulfd1 87+7,= :880:;71
99^6;‘ Ulqgixvv/ Urqdog U1 dqg D1 YdqghqKhxyho +4<<3,1 3Frkdelwdwlrq= Suhfxuvru
wr Pduuldjh ru Dowhuqdwlyh wr Ehlqj VlqjohB4 Srsxodwlrq dqg Ghyhorsphqw
Uhylhz1 49= :360:591
^6<‘ Uxvw/ Mrkq +4<;;,1 3Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Glvfuhwh Frqwuro
Surfhvvhv14 VLDP Mrxuqdo rq Frqwuro dqg Rswlpl}dwlrq1 59+8,= 404<1
^73‘ Vdujhqw/ Wkrpdv M1 +4<;:,1 G|qdplf Pdfurhfrqrplf Wkhru|1F d p e u l g j h /
PD= Kduydug Xqlyhuvlw| Suhvv1
^74‘ Vwhuq/ Vwhyhq1 +4<;<,1 3Hvwlpdwlqj d Vlpxowdqhrxv Vhdufk Prgho14 Mrxuqdo
ri Oderu Hfrqrplfv1 :+6,= 67;069<1
^75‘ Vwlqheulfnqhu/ Wrgg U1 +4<<9,1 3D G|qdplf Glvfuhwh Fkrlfh Prgho ri Whdfkhu
Dwwulwlrq14 Sk1G1 Glvvhuwdwlrq/ Xqlyhuvlw| ri Ylujlqld1
^76‘ Whdfkpdq/ M1 G1 dqg N1 D1 Srorqnr +4<<3,1 3Frkdelwdwlrq dqg Pdulwdo Vwd0
elolw| lq wkh Xqlwhg Vwdwhv14 Vrfldo Irufhv1 9<= 53:05531
^77‘ Wkruqwrq/ Duodqg/ Zlooldp J1 D{lqq/ dqg Md| G1 Whdfkpdq +4<<8,1 3Wkh
Lq xhqfh ri Vfkrro Hquroophqw dqg Dffxpxodwlrq rq Frkdelwdwlrq dqg Pdu0
uldjh lq Hduo| Dgxowkrrg14 Dphulfdq Vrflrorjlfdo Uhylhz1 93= :950::71
^78‘ X1V1 Ghsduwphqw ri Khdowk dqg Kxpdq Vhuylfhv +4<<8,1 Uhsruw wr Frqjuhvv
rq Rxw0ri0Zhgorfn Fklogehdulqj1 K|dwwvylooh/ Pdu|odqg= X1V1 Jryhuqphqw
Sulqwlqj R!fh1
^79‘ Zhlvv/ \rudp +4<<:,1 3Wkh Irupdwlrq dqg Glvvroxwlrq ri Idplolhv= Zk|
Pduu|B Zkr Pduulhv ZkrpB Dqg Zkdw Kdsshqv Xsrq Pduuldjh dqg
Glyrufh14 Lq Kdqgerrn ri Srsxodwlrq dqg Idplo| Hfrqrplfv1h g l w h ge |P d u n 1
U1 Urvhq}zhlj dqg Rghg Vwdun1 Qhz \run= Hovhylhu Vflhqfh1
^7:‘ Zhlvv/ \rudp dqg Urehuw1 M1 Zloolv +4<;8,1 3Fkloguhq dv d Froohfwlyh Jrrg
dqg Glyrufh Vhwwohphqwv14 Mrxuqdo ri Oderu Hfrqrplfv1 6+6,= 59;05<51
^7;‘ Zhlvv/ \rudp dqg Urehuw1 M1 Zloolv +4<<:,1 3Pdwfk Txdolw|/ Qhz Lqirupd0
wlrq/ dqg Pdulwdo Glvvroxwlrq14 Mrxuqdo ri Oderu Hfrqrplfv1 48+4 Sduw 5,=
V5<60V65<1
^7<‘ Zklwwlqjwrq/ Ohvolh dqg Mdphv Dop +4<<:,1 3*Wlo Ghdwk ru Wd{hv Gr xv Sduw14
Mrxuqdo ri Kxpdq Uhvrxufhv1 65+5,= 6;;07451
9:^83‘ Zloolv/ Urehuw1 M1 +4<<7,1 3D Wkhru| ri Rxw0ri0Zhgorfn Fklogehdulqj14 Xq0
sxeolvkhg pdqxvfulsw 1
^84‘ Zloolv/ Urehuw1 M1 dqg Urehuw1 W1 Plfkdho +4<<7,1 3Lqqrydwlrq lq Idplo|
Irupdwlrq= Hylghqfh rq Frkdelwdwlrq lq wkh Xqlwhg Vwdwhv14 Lq Wkh Idplo|/
wkh Pdunhw dqg wkh Vwdwh ri Djlqj Vrflhwlhv/h g l w h ge |M r k qH u p l v f kd q g
Qdrklur Rjdzd1 Orqgrq= R{irug Xqlyhuvlw| Suhvv1
9;Wdeoh 4= Orjlvwlf Ihuwlolw| Hvwlpdwhv




























































































9<Wdeoh 4= Orjlvwlf Ihuwlolw| Hvwlpdwhv +Frqwlqxhg,
Yduldeoh Vlqjoh Frkdelwdwlrq Pduulhg


















































4, Vwdqgdug huuruv duh lq sduhqwkhvhv1 Grxeoh0vwduuhg lwhpv duh vljql?fdqw dw
wkh 8( ohyho1
5, Djh/ gxudwlrq/ dqg fklog djh duh phdvxuhg lq 9 prqwk wlph shulrgv1
:3Wdeoh 5= Hvwlpdwhv ri Vwuxfwxudo Sdudphwhuv
Yduldeoh Frkdelwdwlrq Pduulhg












































































:4Wdeoh 5= Hvwlpdwhv ri Vwuxfwxudo Sdudphwhuv +Frqwlqxhg,
Yduldeoh Frkdelwdwlrq Pduulhg





























4, Vwdqgdug huuruv duh lq sduhqwkhvhv1 Grxeoh0vwduuhg lwhpv duh vljql?fdqw dw
wkh 8( ohyho1
5, Djh/ gxudwlrq/ dqg fklog djh duh phdvxuhg lq 9 prqwk wlph shulrgv1
6, Xwlolw|  rz xqlwv duh phdvxuhg uhodwlyh wr wkh vwdqgdug ghyldwlrq ri #=
j# ’￿ ØSeb1
:5Wdeoh 6= Dqdo|vlv ri Uduh Hyhqwv
Vlqjoh Frkdelwlqj Pduulhg
D1 Vlqjoh Shulrg Frqglwlrqdo rq > dqg d Uhsuhvhqwdwlyh Shuvrq
Qxpehu ri Revhuydwlrqv <54/:57 83/<93 938/5<9
Iuhtxhqf| ri Uduh Hyhqwv 3158( 471:3( 31::(
E1 Vlqjoh Shulrg Lqwhjudwhg Ryhu > dqg Uhsuhvhqwdwlyh Shrsoh
Qxpehu ri Revhuydwlrqv 439/;4< 9/43; :6/<<4
Iuhtxhqf| ri Uduh Hyhqwv 31333( 414:<( 31336(
F1 Olihwlph Sdwkv Lqwhjudwhg Ryhu > dqg Uhsuhvhqwdwlyh Shrsoh
Qxpehu ri Revhuydwlrqv 9/44;
Iuhtxhqf| ri Uduh Hyhqwv 71;:(
:6Wdeoh 7= Vlpxodwhg Plqxv Vdpsoh
Sursruwlrqv iru Sureohp Jurxsv
Djh
















































































4, Hdfk hqwu| uhsruwv wkh gl>huhqfh ehwzhhq vlpxodwhg dqg vdpsoh sursruwlrqv
frqglwlrqdo rq djh iru vlqjoh/ frkdelwlqj/ dqg pduuldjh uhvshfwlyho|1
5, Vrphwlphv vxpv gr qrw dgg xs wr 313 ehfdxvh ri urxqglqj huuruv1
6, 3Eodfn/ Qrw Fdwkrolf/ Hgxf@494 dqg 3Hyhu|rqh4 duh dgghg rqo| iru frp0
sdulvrq sxusrvhv1 Wkh wrwdo vdpsoh vl}h lq wkh 3Hyhu|rqh4 urz lv vljql?fdqwo|
vpdoohu wkdq wkh wrwdo vdpsoh vl}h1 Zh rqo| lqfoxgh vdpsoh lqglylgxdov zkr kdyh
wkh vdph fkdudfwhulvwlfv dv wkrvh xvhg wr frqvwuxfw wkh uhsuhvhqwdwlyh shrsoh1 Lq
sduwlfxodu/ vdpsoh lqglylgxdov zlwk hgxfdwlrq htxdo wr 46 dqg 48 |hduv duh qrw
lqfoxghg1



















Figure 1:  Stylized Facts
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A. Proportion Single Figure 3:  Sample Proportions by Age - Actual vs. Simulated Data














































































































E. Marriage to Single
Actual
Simulated












A. Single to Cohabitation
Figure 5:  Simulations Starting at Age 20












B. Single to Marriage











C. Cohabitation to Single











D. Cohabitation to Marriage











E. Marriage to Single
m £ -1.732
-1.732 £ m £ 0
0 £ m £ 1.732
1.732 £ m
Aggregate

































A. Single to Cohabitation






























































A. Single to Cohabitation
















































E. Marriage to Single
Base
Marriage Credit
;5